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Introduction 



0.1. Motivation. 

0.1.1. Let X be a curve over ¥q and let G be a reductive group. The classical theory 
of automorphic forms is concerned with the space of functions on the quotient G^/Gjq, 
where % (resp., A) is the field or rational functions on X (resp., the ring of adeles of 
%). In this paper, we will consider only the unramified situation, i.e. we will study 
functions (and afterwards perverse sheaves) on the double quotient Go\Ga/Gx. 

Let r be a Cartan subgroup of G. There is a well-known construction, called 
the Eisenstein series operator that attaches to a compactly supported function on 
To\Ta/Tx a function on Go\Ga/Gx- 

Consider the diagram 



where i? is a Borel subgroup of G. Up to a normalization factor, the Eisenstein series of 
a function S on To\Ta/T3^ is p!(q*(S')), where q* denotes pull-back and pi is integration 
along the fiber. 

Our goal is to study a geometric analog of this construction. 

0.1.2. Let Bunc denote the stack of G-bundles on X. One may regard the derived 
category of constructible sheaves on Bunc (denoted Sh(BunG'), cf. Sect. |o7^ ) as a 
geometric analog of the space of functions on Go\Ga/Gx- Then, by geometrizing the 
Eisenstein series operator, we obtain an Eisenstein series functor Eis' : Sh(Bunr) — > 
Sh(BunG') defined by a diagram similar to the above one, where the intermediate stack 
is Bun^-the stack of S-bundles on X. 

However, this construction has an immediate drawback-it is not sufficienly functorial 
(for example it does not commute with Verdier duality), the reason being that the 
projection p : Bun^ — > Bunc has non-compact fibers. Therefore, it is natural to look 
for a relative compactification of Bun^ along the fibers of the projection p. 

Such a compactification, denoted Bun^, was found by V. Drinfeld. We will use it to 
define the corrected functor Eis : Sh(Bunj') — > Sh(BunG). This paper is devoted to the 
investigation of various properties of this functor. 

As we will see, all the technical results will essentially reduce to questions about the 
geometry of Bun^ and the behaviour of the intersection cohomology sheaf on it. 

0.1.3. We should say right away that the pioneering work in this direction was done 
by G. Laumon in |l^, who considered the case of G = GL{n) using his own compact- 
ification of the stack Bun^. In the sequel we will explain how the two approaches are 
related. 



> To\Tj^/Tx 



P 



Go\Ga/Gx, 
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0.2. Survey of the main results. 

0.2.1. First, let us indicate how Drinfeld's compactifications are constructed. 

Let G = GL{2). In this case, the stack Bun^ classifies pairs (M, : XL ^ M), 
where M is a rank 2 vector bundle on X, XL is a line bundle on X, and k is a non- 
zero (=injective) bundle map. When M is fixed, the set of all possible {L, k) forms an 
algebraic variety. This variety is non-complete, but there is a natural way to compactify 
it: 

The corresponding complete variety also consists of pairs (XL , k : ^ M) , but this 
time K is required to be just an injective map of coherent sheaves, and not necessarily 
a bundle map. In other words, the quotient M/XL may have torsion. By definition, 
the stack Bun^ for GL{2) classifies triples (M, XL, k), where k is understood in the new 
sense. 

For a general G (we are assuming that the derived group of G is simply-connected) 
the construction of Bun^ is very similar. 

Let 3^G be a fixed G-bundle. Let us denote by Vgr^ the vector bundle on X associated 
with 3^G and a highest weight G-module V^. A point of Bun^ that projects to our 
3^G £ Bunc defines in every as above a line subbundle L^, such that the system 
of these subbundles satisfies the so-called Pliicker relations, cf. Sect. 1. 

By definition, Bun^ classifies the data of 9"g endowed with a system of maps k'^ : 
XL'^ ^ Vgr^ defined for every dominant integral weight A, where are injective as maps 
of coherent sheaves, which satisfy the Pliicker relations. 

Along the same lines one can try to define a compactification of the stack Bunp, 
where P is a parabolic subgroup of G. However, in this case there will be two differ- 
ent natural compactifications Bunp and Bunp, of which the second one will be more 
important for our purposes. 

Let us make a brief digression and discuss Laumon's compactification of Bunp for 
G = GL{n). In this case, Bunp is the stack classifying the data of a rank n vector 
bundle M on X endowed with a complete flag = Mq C Mi C ... C M„ = M of 
subbundles. Laumon's compactiflcation Bunp classifies the data of (M -|- a flag of 
Mj's), but each Mj is required to be just a subsheaf (rather than a subbundle) of the 
subsequent Mj+i. 

For GL(2), Laumon's and Drinfeld's compactiflcations coincide, but this is no longer 

true for n > 3. The advantage of Laumon's compactification is that Buup is smooth, 

whereas Bunp is singular for G of semi-simple rank > 1. The drawback is that Bunp 
makes sense only for GL{n). 

In fact, there is a natural (proper and representable) map of stacks Bunp Bunp 
and it was shown by A. Kuznetsov in ||l^ that Bun^ is a small resolution of singularities 
of Bunp. 

0.2.2. Once the stack Bunp is constructed, one can try to use it to define the "com- 
pactified" Eisenstein series functor Eis : Sh(Bunr) — > Sh(BunG'). Let p and q denote 
the natural projections from Bunp to Buug and Buny, respectively. The first idea 
would be to consider the functor § G Sh(BunT') h-> pi(q*(8)) G Bunc. However, this is 
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too naive, since if we want our functor to commute with Verdier duality, we need to 
take into account the sigularities of Bun^. Therefore, one introduces a kernel on Bun^ 
given by its intersection cohomology sheaf. I.e., we define the functor Eis by 



s^p,(r(s)®icB^j, 



up to a cohomological shift and Tate's twist. Similarly, one defines the functor Eis*^ 



Sh(BunA,/) Sh(BunG), where M is the Levi quotient of a parabolic P. 

The first test whether our definition of the functor Eis is "the right one" would be 
the assertion that Eis (or more generally Eis^) indeed commutes with Verdier duality. 



Our Eis passes this test, according to Corollary 2.1.3 



Let us again add a comment of how the functor Eis is conneceted to Laumon's work. 
One can define functors Eis^ : Sh(Bun2') Sh(BunG) using Laumon's compactifica- 
tion. (In the original work []T9| , Laumon did not consider Eis^ as a functor, but rather 
applied it to specific sheaves on Bun^.) However, from the smallness result of |18| it 
follows that the functors Eis^ and Eis are canonically isomorphic. 

The situation is more subtle when one considers non-principal Eisenstein series, i.e. 
when B is replaced by a more general parablic. In this case, it is no longer true that 
the two definitions agree. (In particular, for P ^ B, Laumon's Eisenstein series fails to 
commute with Hecke functors, cf. below.) At the end of Sect. 2 we suggest a conjecture 
of how they may be related. 

0.2.3. Once we defined the functors Eis = Eisy : Sh(Bun2-) Sh(BunG'), Eis^^ : 
Sh(BunA,/) Sh(BunG) and a similar functor for M, Eis^^ : Sh(BunT) — > Sh(BunAf), 
it is by all means natural to expect that these functors compose nicely, i.e. that 
Eis^ ~ Eisf^oEis^^. 

For example, if instead of Eis we used the naive (uncompactified) functor Eis', the 
analogous assertion would be a triviality, since Bun^ — Bunp x Bun^^jv/)) where 

Bunj\/ 

B{M) is the Borel subgroup of M. 

The problem with our definition of Eis^ is that there is no map between the relevant 
compactifications, i.e. from Bun^ to Bunp. Neverthess, the assertion that Eisy ~ 



Eis^ oEis^^ does hold. This is a non-trivial theorem (Theorem 2.3.10 ), which is one of 
the main results of this paper. 

0.2.4. Finally, we have to describe the following two results, which are geometric 
interpretations of certain properties of the classical (i.e. function-theoretic) Eisenstein 
series operator. 

Behaviour w^ith respect to the Hecke functors. 

Classically, on the space of functions on the double quotient Go\Ga/Gx we have 
the action of <8> 5fx(G), where x runs over the set of places of 3C, and for each x € X, 

J{x{G) denotes the corresponding spherical Hecke algebra of the group G. 

Similarly, (gi !Kx{T) acts on the space of functions on To\Ta/T3<;. In addition, for 

every x as above, there is a canonical homomorphism 'Kx{G) — > J{x{T) described as 
follows: 
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Recall that there is a canonical isomorphism (due to Satake) between ^x{G) and 
the Grothendieck ring of the category of finite-dimensional representations of the Lang- 
lands dual group G. We have the natural restriction functor Rep(G') Rep(T), 
and our homomorphism 'Kx{G) — > 'Kx{T) corresponds to the induced homomorphism 
-fr(Rep(G)) — >■ ir(Rep(T)) between Grothendieck rings. 

The basic property of the Eisenstein series operators is that it intertwines the "KxiG)- 
action on Go\Ga/Goc and the 'Kx{T)-action on To\T^/Tx via the above homomor- 
phism. 



Our Theorem 2.1.5 is a reflection of this phenomenon in the geometric setting. Now, 
instead of the Hecke algebras, we have the action of the Hecke functors on Sh(BunG'). 
Namely, for x G X and an object V G Rep(G'), one defines the Hecke functor 

§^xHg{V,§) 

from Sh(BunG') to itself (cf. Sect. p. 21 ) and we have for S G Sh(Bunr): 

xHG{V,Eis{§)) ~ Eis{xHT{Res^{V),§)). 

A similar statement holds for the non-principal Eisenstein series functor Eis^^, cf. 
Theorem 2.3.7. 



As a coroallary, we obtain that if is an M-local system on X and Aut^;^^ is a 
perverse sheaf (or a complex of sheaves) on Bun^/, corresponding to it in the sense of 
the geometric Langlands correspondence, then the complex Eis^j ( Aut^;^.^ ) on Bun^ is 
a Hecke eigen-sheaf with respect to the induced G-local system. 

In particular. Theorem |2.1.5| establishes the geometric Langlands correspondence for 
those homomorphisms tti{X) G, whose image is contained in a maximal torus of G. 

The functional equation. 

It is well-known that the classical Eisenstein series satisfy the functional equation. 
Namely, let x be a character of the group To\Tji^/Tx and let w G be an element of the 
Weyl group. We can translate x by menas of w and obtain a new (grossen)-character 

The functional equation is the assertion that the Eisenstein series corresponding to 
X and X™ are equal, up to a ratio of the corresponding L-functions. 

Now let S be an arbitrary complex of sheaves on Bun^ and let w-S be its w-translate. 
One may wonder whether there is any relation between Eis(S) and Eis(w • S). 

We single out a subcategory in Sh(Bun7^), corresponding to sheaves which we call 
"regular", for which we answer the above question. We claim (cf. Theorem 2.1. j ) that 
for a regular S 

Eis(§) ~ Eis(w- §). 

(It is easy to see that one should not expect the functional equation to hold for 
non-regular sheaves.) 

A remarkable feature of this assertion is that the L-factors that enter the classical 
functional equation have disappeared. An explanation of this fact is provided by The- 
orem 2.2.12, which says that the definition of Eis via the intersection cohomology sheaf 



on Bun^ already incorporates the L~function. 
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We remark that an assertion similar to the above functional equation should hold 
also for non-principal Eisenstein series. Unfortunately, this is beyond access for our 
methods. 



By combining Theorem 2.1.5| and Theorem 2.1.8 we obtain a proof of a special 



case of the Langlands conjecture. Namely, we prove Theorem p. 2. 8 , which says that 



if we start with an unramified irreducible representation of vri(X) into G, such that 
TTi{X)3'^°^ maps to T C G, then there exists an unramified automorphic form on Ga 
which corresponds to this representation in the sense of Langlands. 

This may be considered as an application of the machinery developped in this paper 
to the classical theory of automorphic forms. 

0.3. Contents. 

0.3.1. Now let us briefly discuss how this paper is organized. 

In Section 1 we discuss the definitions of Drinfeld's compactifications. 

In Section 2 we formulate all the main theorems concerning the Eisenstein series 
functor. In the rest of the paper we deduce these theorems from various geometric 
properties of the stacks Bun^, Bunp and their close relatives. 

0.3.2. In Sections 3 and 4 our goal is to prove that our Eisenstein series functor 
commutes with the Hecke functors (cf. above). In Section 3 we consider the principal 
case, i.e. P = B and in Section 4 we make a generalization to the case of a general 
parabolic subgroup. 

Our discussion in these two sections is based on the Lusztig-Drinfeld-Ginzburg- 
Mirkovic-Vilonen theory of spherical perverse sheaves on the affine Grassmannian Grc, 
which we review in Sect. |33 



0.3.3. In Section 5 we formulate and prove Theorem 5.1.5, which is one of our main 



technical tools. It says that the stack Bun^ (or, more generally, Bunp), is locally acyclic 
with respect to the natural projection q : Bun^ Bunj- (resp., qp : Bunp — > Bun^v/). 
In other words, this means that from the point of view of singularities, all the fibers of 
the above projections look the same. 



Theorem 5.1.5 has two main applications. On the one hand, it implies Theorem 2.1.2 



which says that the functor Eis commutes with Verdier duality. On the other hand, it 



is a key ingredient in the proof of Theorem 2.3. IC about the composition of Esenstein 
(cf. above). 



0.3.4. In Sections 6 and 7 our goal is to prove of Theorem 2.3.10 and the functional 
equation. 

Section 6 is largely preparatory; in it we introduce various stratifications of the stacks 



Buns and Bunp. 



As we have mentioned before, the main problem in the proof of Theorem 2.3.10 



IS 



that the natural map Bunp — > Bunp does not extend to a map from Bunp to Bunp. 
To cure this, we introduce the stack Bunp^p, which will map to both Bunp and Bunp. 
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In Section 7 we prove Theorem [7.1.6| , which asserts that the map Bun^ p Bunp is 
stratified-smaU in the sense of Goresky-MacPherson. This will allow us to finally prove 



Theorem 2.3.10 



The paper is concluded by Sect. 7.3, in which we complete the proof of the functional 
equation (Theorem 2.1.8| ). As in the classical theory, after having established Theo- 
rem 2.3. 10| , it is sufficient to treat the case of reductive groups of semi-simple rank 1, 



in which case the functional equatiuon isomorphism amounts to a Fourier-transform 
type argument, combined with the Serre duality. 

0.4. Conventions. We will work over the base field ¥q and study Weil sheaves over ¥q- 
schemes and stacks. However, all the results of this paper carry over to the characteristic 

world, in which case one must replace Q^-adic sheaves by holonomic D-modules. 

0.4.1. The group G. Throughout the paper, G will be a connected reductive group over 
¥q. Moreover, we will assume that its derived group G' = [G, G] is simply connected. 

We will fix a Borel subgroup B C G and let T be the "abstract" Cartan, i.e., 
T = B/U, where U is the unipotent radical of B. We will denote by A the coweight 
lattice of T and by A-its dual, i.e. the weight lattice; (•, •) is the canonical pairing 
between the two. 

The semi-group of dominant coweights (resp., weights) will be denoted by Aq (resp., 
by Ag). The set of vertices of the Dynkin diagram of G will be denoted by J; for each 

1 G J there corresponds a simple coroot and a simple root cij. The set of positive 
coroots will be denoted by A and their positive span inside A, by A^°'^. (Note that, 
since G is not semi-simple, A^ is not necessarily contained in A^"^.) By p G A we will 
denote the half sum of positive roots of G and by wq the longest element in the Weyl 
group of G. For Ai, A2 G A we will write that Ai > A2 if Ai — A2 G ^g"^! similarly 
for A^. 

It will be convenient to choose fundamental weights uji G A^, i G 3: each cJt is 
non-uniquely characterized by the property that {aj,uJi) = (5ij. 

Let P be a standard parabolic of G, i.e. P D B; let U{P) be its unipotent radical 
and M := P/U{P)-th.e Levi factor (note that the derived group of M is also simply 
connected). To M there corresponds a subdiagram Jm in 3. We will denote by A^ D 
Ai, A^°^ C A.q'^, pm G a, Wq^ G W, > etc. the corresponding objects for M. 

M 

To a dominant coweight A G A one attaches the Weyl G-module, denoted V^, with 
a fixed highest weight vector v"^ V^. For a pair of weights Ai, A2, there is a canonical 

map _^ yXi ^ t-j^j^i- ggj^^jg y\i+X2 ^ „Ai ^ ^A2_ 

Similarly, for i> G A^^, we will denote by the corresponding M-module. There is a 
natural functor V 1-^ V^i^) from the category of G-modules to that of M-modules and 
we have a canonical morphism — > (y^'^^(^\ which sends the corresponding highest 
weight vectors to one another. 

By we will denote principal G-bundles on various schemes. The notation 3^ is 
reserved for the trivial G-bundle. For a G-bundle S'g (resp., a T-bundle 3^t) and a G- 
module V (resp., a character A : T — > Gm) let V^^ (resp., ^^^) denote the corresponding 
associated vector bundle (resp., line bundle). 



8 



A. BRAVERMAN AND D. GAITSGORY 



If 3't is a T-bundle on a scheme y, /x is a coweight of T and -D C y is a Cartier 
divisor, we will denote by S'xif^ ■ D) the new T-bundle, defined by the condition that 
for a weight p, of T, the associated line bundle ^^^(^^.jy^ equals iL^^{{fi, /l) ■ D). 

Finally, we let G denote the Langlands dual group of G. This is a reductive group 
over Q£, endowed with a canonical Cartan subgroup T C G, whose lattice of characters 
is identified with A. For A € A^, we will denote by the corresponding G- module and 
for ^ G A, will designate the ii-th. weight subspace of V^. For an M-dominant 

coweight v, we will denote the corresponding M-module by . 



0.4.2. Stacks. The main objects of study in this paper are various stacks attached to 
our curve X (assumed to be smooth and complete) and the group G. 

For instance, the stack of G-bundles on X, denoted Bunc attaches to a scheme S 
the groupoid of principal G-bundles on 5 x A" and for a map of schemes Si ^ S2 the 
corresponding functor is given by the ordinary pull-back. 

In the main body of the paper, when giving a definition of a stack y, we will usually 
say that y classifies something, by which we mean that it is clear what an 5-family of 
this something is for a scheme S and what the corresponding pull-back functor on the 
category of such families is, for a map Si — > S2- In addition, in all the examples that 
the reader will encounter in this paper, the fact that our y is indeed an algebraic stack, 
follows easily from the fact that Bunc is. 

Here is an example: 

The stack y classifying the data of (M, s), where M is a coherent sheaf on X and 
s is its section (resp., an injective section) means that IIom(5, y) is the groupoid of 
pairs (MstSs), where Ms is a coherent sheaf on S x X, flat over S, and ss is a map 
OsxX (resp., a map, which is injective over any geometric point of S). 

A special care must be used when we define stacks or schemes using the formal 
(resp., formal punctured) disc. We refer the reader to the Introduction of |13] for the 
corresponding conventions. 



0.4.3. Derived categories. If y is a scheme, we will denote by Sh(y) the corresponding 
bounded derived category of constructible Q^~adic Weil sheaves on y (cf . ^ ) . By abuse 
of language, we will call its objects "sheaves", but we will always mean complexes of 
such. The constant sheaf on y will be denoted by Q^y. We will denote by Q^(^) the 
1-dimensional sheaf over Spec(Fg) which corresponds to a chosen once and for all square 
root of q. 

For a scheme or a stack y , Perv(y) will denote the abelian category of perverse sheaves 
on y. ICy G Perv(y) will denote the intersection cohomology sheaf on y, normalized so 
that it is pure of weight 0. E.g., when y is smooth, ICy = (Q^(^)[l])y Unless 
specified otherwise, we work with the perverse t-structure, i.e. all the cohomological 
degrees are counted in the perverse normalization. 

When y is a stack, the definition of the derived category is problematic. However, 
this poses no difficulty in our case, since all our stacks are unions of open substacks of 
finite type, each being a quotient of a scheme by an affine group. If y = uy^ is such 
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a stack, then Sh(y) := limSh(yj), where each Sh(yj) can be defined as an equivariant 

derived category in the sense of Bernstein-Lunts Q . 

If / : ^1 ^ ^2 is a map of schemes (resp., of stacks) we will denote by /i, f^, /*, /' the 
corresponding functors between Sh(yi) and Sh(y2) always understood in the derived 
sense. Note, that if / is non-representable, the functors f\ and /* do not in general 
preserve our bounded derived category. Luckily, in the main body of the paper, we 
will have to consider the above direct image functors only for representable morphisms 
(an exception being the definition of regular sheaves and the discussion in Sect. 7.3, in 
which case their usage will be but very mild). 

Another warning on our abuse of language: let /, /' : ^ ^2 be two morphisms of 
stacks. We will sometimes say that they coincide, by which we mean, of course, that 
they are isomorphic. At any event, in this situation, the pull-back functors /* and /'* 
from Sh(y2) — > Sh(yi) are isomorphic too. 

If z : Z y is a locally closed embedding and S € ShC^), the notation §\z will mean 
the same as i*{§). The Verdier duality functor will be denoted by B. For 8 as above, 
/i*(S) S Perv(y) is the i-th perverse cohomology of §. 

Let 3'h — > y be an i?-torsor, where H is an algebraic group and let Z be an H- 

H 

scheme. We will denote by Z x y the corresponding fibration over y with the typical 
fiber Z. (The word "fibration" in this paper will be understood only in this sense.) 
Let 8 (resp., T) be an object of Sh(Z) (resp., Sh(y)) and assume, moreover, that 8 is 
i?-equivariant. In this case we can form their twisted external product, denoted SKIT, 

H 

which will be an object of Sh(Z x y). 
Acknowledgements. 
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1. Definition of Drinfeld's compactifications 
1.1. Strongly quasi-afRne varieties. 

1.1.1. Let y be a scheme over an algebraically closed fleld k. We shall say that Y is 
strongly quasi-affine if the following conditions hold: 

1) The algebra Ay = r(y, Oy) of global functions on Y is finitely generated as a 
/c-algebra. 

2) Let Y = Spec(^y). Then the natural map y ^ y is an open embedding. 

If Y is strongly quasi-affine then we will call Y = Spec(yi) the affine closure of Y . 
In this section we will need the following result. 
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Theorem 1.1.2. Let G be a reductive group over k and let P be a parabolic subgroup 
of G. Let H be either the derived group [P, P] of P or the unipotent radical U{P) of 
P. LetY = G/H. Then 

1. Y is a strongly quasi-affine variety. 

2. For any scheme S over k an S-point of Y is described by a collection of maps of 
Os-modules : Os^V^ ^ Os®"^ for every G-module V satisfying the following 
conditions: 

a) IfV is the trivial representation of G then = id. 

b) Assume that we are given a morphism a : V-*^ ^ of G -modules. Then the 
following square must be commutative: 



c) For a pair of G -modules, V"^ and V^, the square 



should commute too. 



id 

. Vl(g)V2®05 



The second assertion of Theorem 1.1.2 is straightforward for any H for which G/H 
is strongly quasi-affine. The first assertion is straighforward when H = [P, P] and when 
H = U{P) this is a theorem of F. D. Grosshans (cf. Jl^). 



1.1.3. Let G, H and Y be as above. It will be convenient to describe 5-points of 
Y slightly differently. For a P/-ff-module IX, let Ind(U) denote the G-module induced 
from the corresponding P-module, i.e. for a G-module V, we have functorially: 

Homp/H(U, V^) ~ HomG(Ind(lt), V). 

From Theorem |1.1.2| we obtain using the Frobenius reciprocity: 

Lemma 1.1.4. For a k-scheme S, an S-point ofY is the same as a collection of maps 
of Os-modules : O5 «) II ^ Os ® Ind(l[) for every P/H -module It satisfying the 
following conditions: 

a) If 11 is the trivial representation of P/H then IndCU) is canonically trivial as well 
and must equal the identity map. 

b) Assume that we are given a morphism a : ^ 0/ G -modules. Then the 
following square must be commutative: 
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U2 (8) Os Ind(U2) (g) Os 

c) For a pair of P / H-modules, V} and "U? , the square 

{U^®U^)®Os ^^^^ Ind(Ui U2) ® O5 

id 

(U^ ® 1X2) ^ ^" ^'^^ ) Ind(lXi) Ind(lX2) ® O5 
should commute too. 

1.2. Drinfeld structures. Consider the stacks Bunc, Bun^ and Bun^. The maps of 
groups B ^ G and B give rise to a diagram of stacks: 

Bunfi — - — > Buny 
P 

Buno . 

All the three stacks are smooth. It is easy to see, that the projection q is smooth, 
but in general non-representable and that the projection p is representable, but neither 
smooth nor proper. 

Our first goal is to define (following Drinfeld) a compactification of Bun^ along the 
fibers of the projection p; in other words we will construct a stack Bun^ which contains 
Buns as an open sub-stack and which is endowed with projections 

p : Bung — > Bun(5 and q : Bun^ — > Bun^^, 

such that the map p is representable is proper. 

1.2.1. Note that the stack Bun^, by definition, classifies the following data: 

where is a G-bundle, 9"t is a T-bundle and k is a G-equiavariant map. 

Recall that G/U is a strongly quasi- affine variety and let G/U denote its affine 
closure. The groups G and T act on G/U and therefore also on G/U . 

We define the functor Buns on the category of A;-schemes as follows: an S-point of 
Buns is a triple (9'g, 3^7 , k), where "Jq (resp., 3^t) is an 5'-point of Buno (resp., of 
Bunr) and k is a G-equi variant map 

^ GjUxS^T, 



12 



A. BRAVERMAN AND D. GAITSGORY 



such that for every geometric point s € 5 there is a Zariski-open subset C X x s 
such that the map 

T 

f^lxo '■ 3"gIa:o G/U x3"t|xo 

T T 

factors through G/U 'x3^t\x^ C G/U y.3^T\x°- 



In the sequel, we wiU simply say that Bun^ classifies the data of (3'g; S^t; ^ : 9~G 

-T 



G/UxS't)- 



In order to show that Bun^ is an algebraic stack in the smooth topology with the de- 
sired properties, we will slightly rewrite the above definition. Let us apply Lemma |l .1.41 
in our case when H = U. Since P/H = B/U = T is commutative, it is enough to con- 
sider only 1-dimensional P/-ff-modules U. If A is a character of T, the corresponding 
induced G- module vanishes unless A G Aq and in the latter case it equals V'^. 

From Lemma |1.1.4| we obtain that an S-point of Bun^ is a triple {J'g,3't,k^, VA G 
A^), where 3'g and 3"t are as above, and k'^ is a map of coherent sheaves 



(cf. our conventions in Sect. 0^) such that for evey geometric point s G S the restriction 
i^^lxxs is an injection. The last condition is equivalent to saying that is an injection 
such that the quotient Vgr^/Im(K^) is S'-flat. 

The system of embeddings must satisfy conditions (a)-(c) of Lemma 1.1.4. Let 



us write them down explicitly in our case. We obtain the so-called Pliicker relations: 

First, for A = 0, k'^ must be the identity map ~ XLgr^ Vgr^ ~ 0. Secondly, for 
two dominant integral weights A and /i, the map 

must coincide with the composition 



Proposition 1.2.2. The functor Bun^ is an algebraic stack in the smooth topology. 
The natural map Bun^ — > Bunc given by {3'g, 9"ti '-^ 9"g representable and proper. 

Proof. Let 3^g be an S'-point of Bung. We have to prove that the Cartesian product 
S X Bun^ is representable by a scheme proper over S. 

Bung 

For a weight A consider the Hilbert scheme Hilb'*' whose 5' points are pairs: 

(A map f : S' ^ S; a subsheaf £ of f*{'^'^^) on X x S' such that L is locally 
free of rank 1 and the quotient f*{V'^^)/£j is 5"-flat.) 

It is well-known that Hilb'^ exists and is proper over S. Now, let {3^Gi3't, k) be an 
S"-point of 5* X Bun^. To it we can attach an S"-point of Hilb^ for every A, by setting 

BuiiG 
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Moreover, since every collection of {k'''}'s satisfying the Pliicker relations is uniquely 
determined by its values on the fundamental weights, i.e. by the k^^'s, i € J, we obtain 
that the above morphisms of functors define a closed embedding 



S X Buns X Hilb'^' . 
Therefore, our Cartesian product is also representable by a scheme proper over S. 

□ 



Obviously, we have an open embedding of Bun^ into Bun^. The image corresponds 

T T 

to those triples {3^g,3^t, i^), for which k factors through G/Ux3't C G/UxHt- In 
terms of the embeddings k'^, an S-point belongs to Bun^ if and only if each 

is a bundle map, i.e. the quotient is not only S-flat, but is in fact X x S'-flat. We will 
denote this open embedding by Jb, or simply by j. 

We will denote the natural map Bun^ — >■ Bun^ by p, since it extends the map 
p : Buns Bunc. The map {3^G,3^T,ti) ^ 9"t : Bun^ — > Bun-p will be denoted by q 
for the same reason. 



Proposition 1.2.3. Bun^ is dense in Bun^. 

The proof will be given in Sect. |6.l|. We remark that the simply-connectedness 



assumption on G' was necessary precisely in order to make Proposition 1.2.3 true. 



1.2.4. We will call Fg-valued points of Bun^ "Drinfeld's structures". Let us see ex- 
plicitly what they look like. 

Note on the terminology: If Mi and M2 are vector bundles on a scheme y, k : 
Ml — > M2 is an embedding of coherent sheaves and Z C V is a closed subscheme, 
we will say that k has no zeroes on Z or is maximal at Z if the following equiavlent 
conditions hold: 

1. The quotient M2/M1 has no torsion supported on Z. 

2. There is no non-trivial 'N with Mi C 3Sf C M2, such that Tvf/Mi is a torsion sheaf 
supported on Z. 



Proposition 1.2.5. Let {3^g,3^t,i^) be an¥q-point o/Bun^. Then 

(1) There is a Zariski-open subset C X, such (3"G',3"r,K) defines a reduction of 
^g\xo to B. 

(2) There exists a canonical principal B -bundle "J'^ on X, such that 3"^|xo ihe B- 
bundle of point (1). 

Proof. Consider the embeddings k^^ : '^j-g) ^ ^ 3- We take X^ to be the 

maximal open subset of X, such that none of the above k'^''s has zeroes on x G X^ . 

From the Pliicker relations, we obtain that on X'', the other k'^'s have no zeroes 
either. Hence, S^b '■= (9"g|xO) ^^tIxOj '^Ix^) is the thought-for i?-bundle on X^. 

Let X — X^ = {xi, ...,Xn}- To each of the points Xk, we can assign an element 
Vk £ Namely, i^k is such that {vk,Cj\) is the order of zero of k'^' at Xk- 
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If we put 9"^ = 9'r(S I'k ■ x^), we obtain a system of maximal embeddings 
k 

satisfying the Pliicker relations. 

Hence 3"^ := (3"g, k') is a i?-bundle on X, which on coincides with 3'b- 

□ 

Let S't', k), {xi, ...,Xn} and {z^i, i/^} be as above. We will say that our Drin- 
feld's structure has singularities on X — X^ and we will call Vk its defect at Xk- The 
S-bundle S'b will be called the saturation of (9"g) 9"T) 

1.3. Parabolic Drinfeld's structures. Let us now generalize the above definitions 
to the case, when B C G is replaced by a parabolic subgroup P. In this case, there will 
be two different compactifications of the stack Bunp along the fibers of the projection 
Bunp Bunc- 



1.3.1. For a parabolic P, let U{P), M and 3m be as in Sect. 3A. We will denote by 
Ag^p the quotient lattice 

A/ Spanjoi, i G 3m}- 

Let Ag.p denote the dual lattice. In other words, Ag,p is the lattice of characters of 
the torus M/[M, M] = P/[P, P]. We have: 

Ag,p = {A G a I (tti, A) = if i G 3m}- 

Let A^°p denote the positive part of Ag,p, i.e. the span of the projections of Oi, 
i£3-3M- 

1.3.2. The stack Bunp classifies the data of 

M/[M,M] 

i3'G,3'M/[M,M]^'^P '■ -^G ^ G/[P,P] X 3'm/[M,M])^ 

where 3'g (resp., 3^m/[m,m]) is a G-bundle (resp., an M/[M, M]-bundle) and k is a 
G-equi variant map. 

We let qp (resp., pp) denote the natural projection Bunp — > BnnM/[M,M] (resp., 
Bunp —>■ Bun^). As in the case of the Borel subgroup, the projection is smooth 
(but non-representable) and the projection pp is representable, but neither smooth nor 
proper. 

The variety G/[P, P] is strongly quasi-affine and let G/[P, P] denote its affine closure. 
We let Bunp be the stack that classifies triples 

.M/[M,M] 



(9"g , -fA// IM,M] ,i<'P-3'g^G/[P,P] X 3'm/[m,m] ) ' 
where 3'g and 3'm/[m,m] ^ above and Kp is a G-equivariant map, which over the 
generic point of X maps Hg to 

M/[M,M] M/[M,M] 

G/[P,P] X 3'm/im,m]^G/[P,P] X 3-M/[M,Af], 



in the same sense as in the definition of Bunp. 



Here is a Pliicker- type description of Bunp: 
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An S'-point of Bunp consists of (3"g) 3"a//[a/,a/] i /^p) € Ac,p n A^), where and 
3'm/[m,m] are as above, and Kp are maps of coherent sheaves 



which satisfy the same conditions as in the case of Bunp. 



Similarly to the previous case, we obtain that Bunp is indeed an algebraic stack, rep- 
resentable and proper over Bun^. We will denote by pp the natural map Bunp — > Bunc 

and by the map Bunp BunM/[M,M] given hy J^,3'm/[m,mV'^p) ^ ^m/[m,m]- 
By jp we will denote the open embedding Bunp ^ Bunp. 



1.3.3. We will call F„-points of Bunp "parabolic Drinfeld's structures". An ana- 



log of Proposition |1.2.5 holds in the parabolic well. Namely, to an F^-point 



(3"g, 9"a//[a/,a/]) '^p) of Bunp one can attach a finite collection of points xi,...,Xn € AT 
and elements i^i, i/„ G ^g°P' such that: 

On A*^ := X — {xi, ...Xn}, (9^G) 3^Af/[Af,Af]) ^p) defines a P-bundle. This P-bundle can 
be extended to a P-bundle S^'p = (3^g, ■^'m/[m Af]' '^p) entire A with 3"^//[^^ = 

^M/lM,M]{^(^k ■ Xk). We win call this the saturation of (3"g! 3"A//[Af,A'/]) /^p)- 

1.3.4. Observe now that the inclusion of groups B C P gives rise to a map of stacks 
Bunp — > Bunp. One may wonder whether this map extends to a map between Bunp 
and Bunp. In this case the answer is positive: 



Using the natural maps T M/[M,M] and G/U G/[P,P], to every S'-point 
{9'g,3^t,i^) of Bunp we can assign in a functorial way an 5-point {3^Gi3'm/[m,m]t f^p) 
of Bunp. We will denote this map of stacks by Sp. In terms of the Pliicker picture, Sp 
"remembers" only the subsheaves XLgr^ Vgr^ for A G A^.p n A^. 

We have p = pposp. This implies, in particular, that Sp is representable and proper. 

In addition to the map qp : Bunp — > Bun^/[^ j\^], there is a natural map qp : 
Bunp Bunjvf; one can show that this map does not extend to a map of stacks 



Bunp — > BuuAf . 

We will construct now another relative compactification Bunp of Bunp, such that qp 
will extend to a map qp : Bunp — > Bun^y^. 

The stack Bunp will project naturally to Bunp; however, the map Sp : Bunp 



Bunp will not lift to a map Bunp Bunp. 

1.3.5. The stack Bunp can be also viewed as a stack that classifies triples 

M 

{3^G,^M,'fip : S'g ^ G/U{P)x3^m), 

where 9"g and 3"a/ are G- and M-bundles respectively and where Kp is a G-equivariant 
map. The variety G/U{P) is strongly quasi-affine, according to Theorem p..l.2| , and let 
G/U{P) denote its affine closure. 
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We set Bunp to be the stack that classifies triples 



-M 



i3^G,3'M,'iip:3'G^G/U{P)x3^_ 



M), 

where Kp is a G-equivariant map, such that over the generic point of X, 9'g is mapped 
to 

M M 



G/UiP)x9'M cG/UiP)x3^M, 



as in the definition of Bun^. 

To prove that Bunp is indeed an algebraic stack, representable and proper over Bung 
we will once again have to resort to the Pliicker picture: 

By Theorem |1.1.2| , as S'-point of Bunp is a triple {3^G^3'M,'i^J>), where kJ, is a map 
of coherent sheaves, defined for every G-module V: 



such that 

1) For every geometric point s E S, the restriction kJ>\xxs is an injection. 

2) Pliicker relations hold in the following sense: 

a) For the trivial representation V, 75p must be the identity map — > 0. 

b) For a G-module map — > the square 



((Vi)^(^)) 



3"m 



~V2 



should commute. 

c) For a pair of G- modules, and V^, the square 



1^ -p ® ID 



id 



should commute too. 



Proposition 1.3.6. The morphism of functors Bunp 
proper. 



Bunc is representable and 



Proof. The proof will use the same idea as the proof of Proposition 1.2.2, of which the 



latter is a particular case, since for P = B, Bunp = Bunp = Bunp. 

Let V be a rerpesentation of G; put n = dim(V), k = dim(V^(^)). Let Bun„ 



Bun, 



GL{n) 



denote the stack of rank n vector bundles on X and let Bun^ „ denote the 



stack classifying pairs 3"^ ^ 3'n where S^n is a rank n vector bundle on X and is a 
rank k subsheaf of 3'n- 
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We have a natural map of stacks Bunc Bun„ , which sends 9'g to the vector bundle 
Vgr^. In addition, we have a map of functors Bunp Bun^ ^ x Bunc, that sends a 

Bun„ 

triple [JcS^M^Kp) to (V^lf ^ V:,^,3^g)- 

It is easy to see that when V is large enough so that the image of V* (g) V'^(^) m 
^G/U{P) •= r(G, Oc)^''^'* generates it as an algebra, the above map 

Bunp — > Bun,t „ x Buiig 

Bun„ 

is a closed embedding of functors. 

This proves the proposition, since the map Bun^ ^ — > Bun„ is known to be repre- 



sentable and proper (cf. |ll9| ). 

□ 

We will call Fg-valued points of Bunp "enhanced parabolic Drinfeld's structures". 
A point 9^Af , Kp) € Bunp(Fg) has singularities at the same finite collection of 
points as the corresponding simple parabolic Drinfeld's structure, i.e. Xp{3^Gi 3^M,'iip) £ 
Bunp(Fq). However, the structure of the defect in the enhanced case is more compli- 



cated and we will study it in detail in Sect. 3.2. 



Proposition 1.3.7. The stack Bunp is dense in both Bunp and Bunp. 



The proof is postponed until Sect. 6.2. 



1.3.8. We will denote by jp the open embedding Bunp ^ Bunp and by pp (resp., qp) 
the natural map Bunp —i- Bunc (resp., Bunp —>■ Bunjv/) given by {Hg^-^Mj^p) ^ 3"g 
and 3"Af, ^p) ^ 3^M, respectively. 



Let us observe now that there is a natural map of stacks xp : Bunp Bunp, which 
extends the identity map on Bunp: 

In terms of (J'g) 3"Afi /^p)! it corresponds to the projection M M/[M,M] and the 
map G/U{P) G/[P,P]. In terms of the Pliicker picture, xp "remembrs" only the 
embeddings Kp for V = , A € A^^p n A^ (in this case the representation of M 
factors through M M/[M, M]). 



Since pp = pporp, the map xp is representable and proper. We will show in Sect. |6^ 
that its fibers can be identified with closed subvarieties of the affine Grassmannian of 
the group M. 

2. Main results on Eisenstein series 

2.1. Principal Eisenstein series. First, we will discuss the principal Eisenstein series 
functor that maps the category Sh(Bunr) to Sh(BunG'). 



2.1.1. Let q'* denote the functor Sh(BunT) Sh(Bunp) given by 

s - iCg^, ®r (S) ® (Q^(^)[i])^-'^''"(^"'^-). 
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Analogously, we define the functor q'* := j* o q'* : Sh(BunT') Sh(BunB). Note, 
that since the map q is smooth, the latter functor is an ordinary pull-back up to a 
cohomological shift and Tate's twist. 



Theorem 2.1.2. (a) The functor q'* is exact and commutes with Verdier duality, 
(h) If § is perverse, we have: q'*(S) — j\* o q'*(§). 

We define the functor Eis^^ (or simply Eis) Sh(Bunr) — > Sh(BunG) by: 



Eis(S) := p, oq'*(§). 

Corollary 2.1.3. The functor Fiis commutes with Verdier duality and maps pure com- 
plexes to pure ones. 

2.1.4. Let 5{g be the -fTecfce stack, i.e. an S'-point of IKg is a quadruple: {x,S'c,3^q, P), 
where x G Hom(S', X), 3'g and are 5-points of Bung- (i.e. G-bundles on X x S) and 
/3 is an isomorphism 

P ■ 3^G\xxS-r^ S'qIxxS-t^, 
where T^; C X x 5 is the graph of the map x : S ^ X. 

We have three projections: vr : !Kg — > X, hQ : "Kg Bunc and /i^ : "Kg — > Bun^ 

7r(x,yG,5'G>/5) = ^; h^ix,3^G,3'G,l3) = 3''G; h^{x,3^G,3'G, P) = ^'g- 
i.e. we have a diagram: 

BuncxX ^ [Kg^Buug. 
For a dominant coweight A of G we introduce a closed substack "Kq of "Kg as follows: 
By definition, a quadruple (x, 3"g, 9^G' belongs to 'Kg if ^-iid only if for every G- 
module V such all its weights are < A for some A S A^, 

V^^(-(A,A) -r.) c V^^ c V^J-(wo(A),A) -r,). 

(Of course, the second inclusion is a corollary of the first one for the dual representation 
V* . ) As we will see later, both maps x and x when restricted to "Kg are proper 



and, in addition, are locally-trivial fibrations in the smooth topology (cf. Sect. D.4) 



For instance, when G = T, the projection /i^ x vr defines an isomorphism JCj- — 

— fjj 

Buny xX and the composition Bun^ xX ~ — > Bun^^ sends 

(3"t, x) G Buny xX — > := S'ri-fJ' ■ x) G Bun^ . 

Each Kg is an algebraic stack locally of finite type and let IC-^x denote the in- 

tersection cohomology sheaf on it. We define the Hecke functor Hq : Sh(BunG) 
Sh(BunG xX) by 

S ^ X vr)!(/i^*(S) ® IC^.) (Q^(^)[l])®-'i^'"(^"'^«). 

As the map hQ x vr : "Kq ~^ Buug is proper and hQ : Kq Buug is a fibration, 
the functor Hq commutes with Verdier duality. 
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Recall that for A G A^, denotes the corresponding irreducible representation of 
the Langlands dual group G and for a coweight fi, V''^{^) is the corresponding weight 
subspace of V'^. 

Theorem 2.1.5. For every X G Ajt and S € Sh(Bun7^) we have a functorial isomor- 
phism: 

//^oEis(8)~ e (EisSid) oi7^(S) 

where we used the notation EisKlid for the corresponding functor Sh(Bunr xX) 
Sh(BunG' xX), and for fi € A, H!^ denotes the corresponding Hecke functor for the 
group T . 



2.1.6. The Hecke functors can be composed in the following way: If Ai and A2 are two 
elements of , we define the functor 

H^^*H^' : Sh(BunG) ^ Sh(BunG xX) 

by the rule: 

where Ax : X ^ X x X denotes the diagonal embedding. 

It is well-known ([^]) that there exists a canonical isomorphism of functors: 

AgA+ 



An additional property of the isomorphism of Theorem 2.1.5 is that for § € Sh(BunT) 
the two isomorphisms: 

(F^i oEig(§) ^ ^ (EisKid)o(//^i*/?^2)(S)(g)y^i(^i)®y^2(;U2)~ 

^ a? a? v-i^i^^i^; -'^^ -^"^^ -''^'^^ ^^^^ ^ ^^"^'^ ^ 

A M 

and 



~ e © (Eis M id) o H^{§) O Homg(y^, V^' ^V^^)(S) V^{n) 
A ^l 



H^} * H^^ o Eis(S) ~ © o Eis(S) Hom(5(y^, V^^ © V^'') 

A 

~ © © (Eis K id) o i/^' (8) (g) Homg {V^ , V^^ (^V^^)(^ (^) 
A M 



coincide. 



2.1.7. For a coroot a G A+ of G, consider the corresponding projection T — > T/G^- 
This map of groups gives rise to a map of stacks 

f : BuuT Bun^/G^ . 

We will call a sheaf S on Buny regular if 

f?{§) = 0, Va € A+ 

(this definition makes sense even though the map is non-representable) . We let 
Sh(BunT')^'^^ C Sh(Bunr) denote the full triangulated subcategory of regular sheaves. 
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Observe now that the action of the Weyl group on T gives rise to a VF-action on the 
stack Buny : 3^r — ^ 3^- We define a twisted VF-action on Bun-r as fohows: 

For an element A € A, consider the T-bundle Q?" on X induced from the canonical 
line bundle on X by means of the homomorphism Gm T corresponding to A. 

We set 

W • = J? (g) n'^^P^-P. 

Similarly, for w € we will denote by S — > w - § the direct image functor Sh(BunT) — > 
Sh(Bunj') corresponding to the new action of w on Bun-p. 

It is easy to see that for every w € the functor S — w • S preserves the subcategory 
Sh(Bunr)''^^ C Sh(Bunr). Let N(T) denote the normalizer of T in G. 

Theorem 2.1.8. For each w gW with a choice of a lift to an element w E N{T) C G, 
there exists a functorial isomorphism 

Eis(w-S) ^ Eis(S), S G Sh(Bunr)''^^. 

2.1.9. The isomorphisms of Theorem |2.1.8| and Theorem |2.1.5 are compatible with the 
following way: the two isomorphisms 

o Eis(w • 8) =^ e (Eis M id) o F^(S) ® V^{w{u)) 
(see below) coincide, where the first isomorphism is simply 

E 

e (Eis^id) o/7^(S) ® y^(w(zy)), 

i/gA 

(the last arrow comes from the map V'^{i') — > V^{w{i>)) given by the action of w G G), 
and the second isomorphism is the composition: 

o Eis(w • S) ~ e (Eis M id) o H^{w ■ S) O V^{u) ~ 

® (EisKid)o(wKid)o/?^"'('')(S)®y^(i/) © (EisKid)oi?^"'('^)(s)oy^(i/) 

uga vga 
~ © (EisKid)oF^'(S)©y^(w(z^'))> 

where the second arrow used the isomorphism Hlf(w -8) ~ (w • Kl id) o ^'^'^ (S) , which 
holds for any S G Sh(BunT'). 

Remark. Our construction of the isomorphism of functors 

Eis(w • S) ^ Eis(S) : Sh(BunT)'^'^ ^ Sh(BunG) 

of Theorem p.l.8| involves an additional choice of a representation of w as a product of 
simple reflections. At the moment, we can prove that this isomorphism is independent 
of such a representation only when G is simply-laced. 

Conjecture 2.1.10. For§ G Sh(BunT)^'^^nPerv(Bunj'), the object'Eis{§) is a perverse 
sheaf. Moreover, if § is irreducible, then so is Eis(S). 



o Eis(w ■§) ^ H^o Eis(S) ~ © (Eis K id) o H^{§) O V^{i^) 
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Remark. When G has semi-simle rank 1, or when G = GL(n) and 8 is a local system, 
this conjecture is in fact a theorem (cf. |jlT 



(Aut^^)j^2p. We define a perverse sheaf Aut^;^ on Bun^ as a tensor product of Aut'^; 



2.2. Relation with the classical theory. Let now Ej, be a T-local system on X. 
For A € A we will denote by the 1-dimensional local system on X induced from Ef 

by means of the homomorphism f ^ G^- 

2.2.1. The (geometric) abelian class field theory produces from Ef a 1-dimensional 
local system, which we will denote by Aut^ . on Bun^^, whose fiber at 3^t = S^C^ fJ-i-Xi) 

T i 

is ®{E~^^'')xi: where the subscript "xj" means "fiber at Xj". 

i 

Let ^/(Aut^^)^2p be a 1-dimensional vector space such that (^/(Aut^^)j^2p)®^ ~ 

ut',.. 

with the 1-dimensional vector space /(Aut'^.)^2p® placed in the 

cohomological degree {1 — g) ■ dim(r). 

By construction, the perverse sheaf Aut^;^ has the following property with respect 
to the twisted VF-action on Bun-r: 

w ■ Aut£;^ ~ Aut£;w, 

where E'^ is a T-local system induced from Ef by means of f — ^ T. 

It is clear from the definitions that the perverse sheaf Aut^;^ is a Hecke eigen-sheaf 
on Buny with respect to Ef, i.e. for A E At, we have: 

H^iAntE^) ~ AutE^ MEj^^Wiilm- 

Let Eq denote the G-local system on X induced from Ef by means of the canonical 
embedding T ^ G. Theorem |2.1.5| yields the following result: 

Theorem 2.2.2. The object Eis(Aut£;^) S Sh(BunG) is a Hecke eigen-sheaf on Bun^ 
with respect to Eq, i.e. for each A € Aq we have: 

o Eis(Aut£;^) ~ Eis(AutB^) M V^. ® Q^(^)[l], 

where is a local system on X associated to Eq and the G -module . 

2.2.3. Assume now that the T-local system Ef is regular, i.e. that for every a € 
the 1-dimesnional local system E^ on X is non-trivial. This condition is equivalent to 
the fact that the perverse sheaf Aut^;^ belongs to Sh(Bunx')'''^S'_ 

For w € let us choose a representative w E N{T). Note that this gives an 
isomorphism Eq ~ lndf{E^). By applying Theorem p.l.8| , we obtain the following 
assertion: 
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Theorem 2.2.4. For w G N{T) and Eq as above there is an isomorphism (functional 
equation): 

f 6*7 

Eis(Aut£;^) ~ Eis(Autij|;). 

Moreover, the diagram 

o Eis(AutB^) > Eis(Auts^) M V^^ Q^(^)[l] 

H^if.eq) /.egad 

il^ oEis(Aut£;w) > Eis(Autijw) K 



commutes. 



The stack Bun^^ splits into connected components Bun^, numbered by the elements 
of A: by definition fii-Xi) S Bun^'^ if E //j = Let Aut^^ be the direct summand 
of Aut concentrated on Bun^ 



Theorem |2.2.4| implies the following assertion, which is hard to see directly: 

Corollary 2.2.5. Let Ef he a regular T-local system and let U C Bun^ be an open 
substack of finite type. Then the sheaves Eis(Aut^. )\u are zero except for finitely many 
/i G A. 



Proof. The proof is a combination of Theorem 2.2.4 and of the following (obvious) 
statement: 

Lemma 2.2.6. Let U C Bun^ be an open sub-stack of finite type. Then the set of 
/i G A for which the intersection p^^(U) H q^"'^(Bun^) is non-empty has the form 

where /i' is some fixed element of A. 

□ 



2.2.7. Theorem 2.2.4 implies the following special case of the Langlands' conjecture: 

Let X be the field of rational functions on X and let Ga, (resp., Go C Ga, Gx C Ga) 
be the corresponding adele group (resp., the group of integral points of Ga, the group 
of rational points of Ga)- Recall that the double quotient Go\Ga/Gx identifies with 
the set of isomorphism classes of objects of the category BunG'(Fq), i.e. with the set of 
isomorphism classes of G-bundles over X. 

Theorem 2.2.8. Let Eq be an irreducible G-local system on X , such that if we 'forget" 
the Weil structure on Eq, it admits a reduction toT <Z G. Then there exists a spherical 
automorphic function on Ga whose Langlands' parameters correspond to Eq. 

Proof. Let A ~ A x Spec(F„) and let Eq denote Eq, viewed as a local system just 

Spcc{F,) L, ^ 

on X. Let Fr denote the Frobenius acting on X and on Bun^ := Bun^ x Spec(F„). 

Spec(F,) 

To construct the sought-for automorphic function it is sufficient to produce an object 
Autg^ € Sh(BunG!) together with a Weil structure on it, which is a Hecke eigen-sheaf 
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with respect to Eq in a Fr-compatible way. In other words, we need that there exists 
an isomorphism: 

Fr* (Aut-^^) ^ Aut-^^ 
such that for each A € the diagram 
Fr* oH^iAnt^ ) — 



Fr* {Aut-p , 



H^iAnt^^ 



Auti 



W4 



is commutative. 



Let Ef be a reduction of the G-local system Eq over X to T C G (such a reduction 
exists according to our assumtion on Eq). We have now the following assertion: 

Proposition 2.2.9. (a) Let Ef be as above and assume (as in the formulation of 



E, 



Theorem 2.2.8) that Eq is irreducible. Then the T -local system Ef is regular. 

(b) There exists an element w &W and its lift w G A^(r) such that Fr*{Ef) 
and such the identification 

Ind^iEf) ^Eq^ Fr*(EQ) ~ lnd^{Fr*(Ef)) ~ Indf 
is induced by w. 

We define now the object Aut-g, as Eis(Aut-g_). Using Theorem p.2.4| and Propo- 

— I G T 

sition p.2.9| we construct an isomorphism Fr*(Eis(Aut-g. )) ~ Eis(Aut-g,) that corre- 



sponds to the above w. Theorem 2.2.4 guarantees that Aut-g^ possesses all the required 
properties. 

□ 

2.2.10. Let Ef be again an arbitrary (not necessarily regular) T-local system on 
X. We will now investigate the connection between the function on Go\Ga./Goc — 
Bun(3(Fg) corresponding to Eis(Aut£;^) E Sh(BunG') and the classical Eisenstein series 
constructed starting with Ef. 

For Ef as above and fi G A consider the object Eis'(Aut^,) defined as 



p! o q *(Aut 



Erfi ' 



We let Funct(Eis(Aut^^)) (resp., Funct(Eis'(Aut^^))) denote the functions on the 
set BunGr(Fq) corresponding to Eis(Aut£;^) and Eis'(Aut£;^), respectively. 

The following result is a corollary of a description of stalks of the intersection coho- 
mology sheaf on Bun^ (Theorem |6.1.6| ): 



^We are obliged to G. Prasad who has explained to us the proof of this result. He has moreover 
authorized us to reproduce his a rgument, which we shall do in the Appendix. 

■^The proof of Theorem 6.1.6 will be given in a forthcoming paper For the case X = this 
result is proved in [Q. Note, however, that all the results of this paper except for Theorem 
Theorem 2.2.12 arc independent of Theorem S.1.6. 



2.2.11 and 
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Theorem 2.2.11. T/ie /wnction Funct(Eis(Aut^_ )) equals 

E Funct(Eis'(Aut^ "^'^^ )) • U Tr(Fr, /^■(^^"°\ (^^)^"°^) <^ Q^K)), 

where X^"^^ denotes the m-th symmetric power of X and for a local system E, E^^^ 
denotes the m-th symmetric power of E. 



We will now reformulate Theorem 2.2.11 by encoding the information contained in 
it into a generating series. 

Consider the group-ring Q^[A], which is the same, of course, as the ring of functions 
on the torus T; for € A we shall denote by t^ the corresponding element of Q£[A]. 

We will form a completed ring Q£[A] by allowing infinite expressions of the form 



if /i runs over a sub-set of A of the form /U > /x', where /x' is some fixed element of A. 
The classical Eisenstein series can be thought of as a function on BunG(Fg) with 

values in Q^fA], equal to 

EiSc/(Aut£;^)(t) := |:^Funct(Eis'(Aut^^)) • t^' . 

Similarly, consider the "modified" Eisenstein series 

Eis^od(Aut£;^)(t) := ^|;^Funct(Eis(Aut^^)) • t^', 



viewed again as a function on BunG(Fq) with values in Q^[A] (cf. Lemma 2.2.61) . 

Finally, for a € A^" we introduce the (abelian) L-series L{Ef,a,t) to be the element 
of Q^[A] equal to S Tr(Fr, (^^)(")) Q^(n)) • t"'". 

neN 

We have: 
Theorem 2.2.12. 

Eisw(Aut£;^)(t) =Eisa(Aut£;^)(t) • Yl L{Ef,a,t). 



When G = GL{n), the above result has been established by G. Laumon in [19|. 

Remark. It is well-known the the power series Eisc/ ( Aut_B^ ) (t) satisfies the functional 
equation of the form 



EiSe/(Autij-)(t) =EiSci(Auti5w)(t) 



where L{Ef, a, t) are precisely the L-functions that appear in the formulation of Theo- 
rem |2.2.l"2[ However, Theorem 2.2.4 implies that Eismo(i(AutEj,)(i) = Eismod(Aut£;|;)(i) 
(if Ef is regular). Therefore, the fact that the ratio between Eismod and Eiscj is the 
mentioned above product of L-functions is very natual from this point of view. 
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It is quite remarkable that the Eisenstein series Eis^odlAut^;. which is more 
natural than EiSci(AutE^)(t) from the geometric point of view (e.g. it comes from an 
object of Sh(BunG), whose construction is self-dual in the Verdier sense) incorporates 
the L-function. 

2.3. Non-principal Eisenstein series. We will now consider the case when B is 
replaced by a parabolic P. 

2.3.1. As in the previous subsection we define functor qp : Sh(BunA/) — > Sh(Bunp) 
by 

Again, qp will denote the functor 

jp o q^ : Sh(BunM) ^ Sh(Bunp). 
Since the map qp : Bunp Bun^f is smooth, qp is essentially the ordinary pull-back. 



The following theorem is parallel to Theorem 2.1.2: 

Theorem 2.3.2. (a) The functor q'p is exact and commutes with Verdier duality, 
(h) If § is a perverse sheaf on Buua/, we have: qp(S) — jp\* o qp(S). 

We define the functor Eis^^ : Sh(BunM) — > Sh(BunG) by 

8 pp\ o q'p(S). 



As in Corollary 2.1.S, Theorem 2.3. 2| insures that the functor Eis^^ commutes with 



Verdier duality and maps pure complexes into pure ones. 

2.3.3. Let § be a perverse sheaf on Bun^- One may attempt to give an alternative 
definition of the functor Eis^ as follows, using the compactification Bunp: 

We can first pull back S onto Bunp by means of S — > qp(S), then extend it by 
means of jpu to obtain a perverse sheaf on Bunp and then take the direct image of the 
resulting sheaf with respect to the map pp : Bunp — Bunc. It will not be in general 
true that the two functors yield the same result. However, one can single out a class 
of perverse sheaves on Bun a/ for which this will be true (cf. Sect. [6.41 ): 

For a reductive group G a perverse sheaf S G Sh(BunG') is said to be "good" if for 
any sequence Ai, A„ of elements of A^, the sheaf 

{H^" m id"-^) o ... o ^ -^^ Q ^Ai 

on Buug xX" is perverse as well. 

For instance, when G is abelian, every perverse sheaf on Bun^ is "good". For a 
general G, an automorphic sheaf that corresponds in the sense of Drinfeld-Langlands 
to a G-local system on X is "good" . 

We have the following assertion, proved in Sect. |6.4| : 

Theorem 2.3.4. Let 8 € Perv(Bunjv/) be "good". Then there is a canonical isomor- 
phism xpi o q^(S) ~ jpi^ o q-p{§). 
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Corollary 2.3.5. For a "good" perverse sheaf $ on Bunjv/ the sheaf pp, o jp\^ o qp(S) 
on BuiiG is canonically isomorphic to Eis^^(S). 

Remark. Let G = GL{n). In this case there exists an open embedding of the stack 
BunQ2.(n) iiito stack Cohn that classifies coherent sheaves on X of generic rank n. 
Following Laumon (cf. [|l^) one can consider a functor 

Eis;Ji,...,nfe : Sh(Co/i„i x ... x Co/i„J Sh(Co/i„), 
for n = ni + ... + n^. 

Now let S be a "good" perverse sheaf on Buncr2.(ni) x ••• x Buncr2.(nfc) and let S' denote 
its Goresky-MacPherson extension on the whole of Co/i„j x ... x Co/i„^. In this case 
we conjecture that the restriction of Eis"^ nfc(§') ^niiQi^^n) C Cohn is canonically 
isomorphic to Eis^/'''"^(§), where M = GL(ni) x ... x GL{nj^). 

2.3.6. In the case of non-principal Eisenstein series we have the following generalization 
of Theorem p. 1.5 : 



Theorem 2.3.7. For every A G and § € S\\{BunM) there is a functorial isomor- 
phism 

o Eisf^(8) ~ e (Eisf^ Kid) o H^j{§) Rom^^iU", V^). 

As in the case P = B we can show in addition, that the isomorphism of functors in 
the above theorem is compatible with the convolution of Hecke functors. 

Let Ej^^ be an M-local system on X and let Aut^;^^ be an automorphic perverse sheaf 
on Bunjvf that satisfies a Hecke eigen-property with respect to Ej^j. Let Eq denote a 
G-local system induced from E'^^. 

Corollary 2.3.8. The comp/ea; Eis^ ( Aut^;^.^ ) is a Hecke eigensheaf with respect to Eq. 

2.3.9. Finally, we have the following compatibility between the functors of Eisenstein 
series: 

Theorem 2.3.10. For 8 G Sh(Bunr) there is a functorial isomorphism 

Eis^ Eisf/ o ^{st . 

Moreover, this isomorphism of functors is compatible with the Hecke property in the 
sense that for every X G Aq the diagram 

H^ o Eis^ (8) > H^ o Eisfj o E\s^ (8) 



eEis^oi/^(8) y ®®EisfjoEis^^ oH^{§,)(^Rom^^{U'',V^)^U''{fi) 

commutes. 

Although the assertion of Theorem p.3.10| seems very natural, the proof is quite 
non-trivial and it should be thought of as the main technical result of this paper. In 

via an 



particular. Theorem 2.1.8 will be a rather easy consequence of Theorem 2.3.10 



explicit calculation in the case when G has rank 1. 
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3. Action of Hecke operators (the principal case) 

3.1. The basic diagram. The construction described below wiU play an essential role 
in this paper. 

3.1.1. Let A be a dominant coweight of G and let us denote by Z the fiber product 
JIq X Bun^, where "Kq is mapped to Bun^ by means of the projection Hq. 

Bun (3 



Proposition-Construction 3.1.2. There exists a map of stacks (f) : Z —>■ Bun^ x X 
with (p X id) o </) = (Hq X tt) o 'p 



'ha 



Buns X X i Z > Bun^ 



pxid 



'P 



Bunc xX ^ IKg. — ^ Bunc 

Note that the left square of this diagram is NOT Cartesian. 

Proof. An 5'-point z of Z consists by definition of the following data: x € Hom(S', X); a 
pair of G-bundles 9'g and 9'q on XxS identified with one another outside on X x S—Tx] 
a collection of line bundles il^, , each embedded as subsheaf into the corresponding V^, , 
such that the Pliicker relations hold. ^ 

Recall that the fact that the pair {3'g,S^q) belongs to "Kq means, according to 



Sect. 2.1.4 that for each A G A^ we have: 



V^^cV^J(-wo(A),A)-r,). 
Therefore, the embedding k'"^ : iL^, ^ V^, gives rise to an embedding 



K^:i:^^((wo(A),A).r,)--V^^ 



and we set by definition (f){z) to be the object of Bun^ that corresponds to 
3"G) 3^t := 3"t(wo(A) ■ T^) and the system of embeddings described above. 

3.1.3. For every element v € A^"*^ consider the closed embedding 



□ 



iu : Bun^ x A ^ Bun^ x X, 
given by sending an object (3"g, 3^t, '■ ^ '^s'q' ^) ^° 



(3-G, ^Ti-y ■ r.), ii^^i-{i^,x) ■ r.) i:^^ v^^, 

Theorem 3.1.4. (/>!(!%) ~ Juli^C^^^^) (g) V^{wo{X) + u). 



X 



Remark. An analogue of this theorem has been independently obtained by M. Finkel- 
berg and I. Mirkovic. Our proof is slightly different from the argument of [11| and in 
Sect. Q it will be generalized to the case when B is replaced by a parabolic subgroup. 
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3.1.5. Let us first show how Theorem 3.1.4 imphes Theorem 2.1.5. 

Proof, (of Theorem 2.1.51 ) 

For € A let us denote by m'^ the map 

BuiiT xX ~ BUUT . 

By definition, for 8 € Sh(Bunr), the sheaf m'^*(S) is canonicahy the same as H!^{§>). 

Lemma 3.1.6. We have: 

(a) The maps q o 'hQ and m"""^'^-' o (q x id) o from Z to Buny coincide. 

(b) For every v, the maps (q x id) x iy and {m'^ x id) o (q x id) from Bun^ x X to 
Bun^ xX coincide. 

For the proof of Theorem |2.1.5| , observe that for an object S € Sh(Bun7^), the sheaf 
Hq* o Eis(S) on Z identifies (by base change and the projection formula) with 

%i'h^*ori§)^'ha*ilCT^j0'niC-.)) ® (Q7(^)[l])®-'^"^(^'^'^-). 



However, the map h^ : "Kq — Bung decomposes locally in the smooth topology 
with respect to Bun^ into a direct product, which implies that 



Therefore, 



ha* o 



Eis(S) ~'p!('/iG*°q*(S)®ICz) 



-dim(BunT)+dim(Bun(3) 



and hence 



o Eis(8) (p X id), o 0,('/j^* o q*(S) ICz)(QK;t)[1])''"''''"^''""^^- 



Acording to point (a) of Lemma S.l.C and the projection formula, the last expression 
can be rewritten as 



(p X id)!(0!(I%) ® (q X id)* om""W*(8)) ® (QK-)[1])^ 



-dim{BunT) 



and finally, by applying Theorem |3.1.4| and the projection formula we obtain that the 
sheaf Hq o Eis(§) identifies with the direct sum over u € A^"*^ of the expressions 

(p X id), o V, (C o (q X id)* o m-"(^)*(S) ® IC^^^x) ® 



®y^(wo(A) + i^)0(Q,(-)[l])® 



-dim{BunT) 



Now, by Lemma |3.1.6| (b), 

iXq X id)* o m™«W*(S) ~ (q X id)* o H^''^^'>^'' {§) 



Since the maps (p x id) oi^ and p x id from Bun^ x X — > Bunc xX coincide, we obtain 
that o Eis(S) can be identified with 
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e (p X id), ((q X id)* o //7(^)+"(S) ICg^^^^) V\woi\) + 



_ A POS 



® (EisKid)o/77^'^^^''(S)®F^(wo(A) + z.), 
as required. 

□ 

The fact that the isomorphism Hq o Eis(§) ~ © (EisKlid) o H!f{§) V^{iy) con- 

i/eA 

structed above is compatible with the convolution of Hecke functors will be explained 
in the next section in a more general context. 



Thus, modulo Theorem 3.1.4, we have established Theorem 2.1.5 together with The- 



orem 2.2.2 



3.2. Preliminaries on the afRne Grassmannian. In this subsection we will review 
several facts concerning the affine Grassmannian corresponding to the group G. These 



facts will be needed for the proof of Theorem 3.1.4 as well as for the rest of the paper; 



the proofs can be found in [20| or in 



3.2.1. Let X G X be a point and let (resp., D*) be the formal disc (resp., the 
formal punctured disc) around x. Let G{(Dx) (resp., G{Xx)) be the group-scheme 
(resp., group-indscheme) that classifies maps from T)x (resp., from D*) to G. 

The affine Grassmannian Gr^j is, by definition, the quotient G{%x)/G{'Xx)- (Some- 
times, in order to emphasize the dependence on x we will put a subscript Gr^^,.) In 
other words, Gr^ is an indscheme that classifies the data of {3'c,P), where 3'g is a 
G-bundle on Dx and /3 is its trivialization: — 3^ ™ -^x- (We leave it to the reader 
to formulate what this means on the level of S-points, cf. []T5| ). 

Being an indscheme, Gr^j is a union of its closed finite-dimensional subschemes. 
Therefore, the notion of a perverse sheaf on Gr^ makes sense. (By definition, every 
such perverse is supported on a finite-dimensional subscheme of Gr^.) 

For A G Aq let Gr,;; denote the closed sub-scheme of Gr^ that corresponds to pairs 

(3"g,/3) as above for which Vjo (— (A, A) • x) C V^^ for every G-module V such all its 

weights are < A. (Here x denotes, of course, the closed point of D^.) 

By construction, each Gr^j is a finite-dimensional projective variety, stable under the 
left G(Oa;)-action. We have: 

Gr^j C Gr^j if and only if A' < A. 

In addition, it is known (cf. |^]) that Gr^ contains a unique dense G(Oa;)-orbit, 
denoted Gr^. If tx is a uniformizer at x, then Gr^ = G{Ox) ■ tx, where is the 
corresponding point of T{Xx) C G(3C^). 

Thus, we obtain a stratification of Gr^ by the sub-schemes Gr^. ^ 

^In this paper, the term "stratification" will be used in the following weak sense: 
Let y be a scheme (resp., indscheme, stack, indstack) and let Yi be a collection of locally closed 
subschemes of Y. We say that they form a stratification if Y{¥q) is a disjoint union UYi{¥q). 
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For A G let denote the intersection cohomology sheaf IC^a . Let Sph^j denote 

the fuh abelian subcategory of Perv(GrG) formed by direct sums of the perverse sheaves 
Aq. By definition, every object of Sphg. is G(02^)-equi variant. 

Note that G(Oa;)-equivariant perverse sheaves on Grc can be thought of as "perverse 
sheaves" on the stack that classifies triples {3^q,3^q, [3), where 9^ are G-bundles on X 
Dx and (3 is an isomorphism S'c'Ibj ~^ The latter stack carries a natural 

involution given by the flip 3"^ <-> 3"^. This involution gives rise to a covariant functor, 
denoted *, from the category of G(Oi.)-equivariant perverse sheaves Giq to itself. We 
have *Aq ~ A(7"^^'^\ hence, * preserves the subcategory Sph^j. 

3.2.2. Now we will recall the definition of the convolution operation on the category 

Sphg. Consider the indscheme Convfj := Gr^ x G{%x)- By definition, it classifies 
the data of (3"^, 5"^, /3, /?'), where 3"g and 3"^ are a G-bundles on Dj,, /? is an iso- 
morphism 3"g|dj — 3"q|x)j and (3' is a trivialization S^c^Idj — There are two 
projections pr and pr' from Convc to Ore: 
For 51 X 52 G G{%x) X Ore, 

pr{gi X 92) = 91- 92 mod G{Ox) and pr'{gi x 52) = 52 mod G{Ox)- 
In the functorial language, pr' and pr act as follows: 

pr'i-JG.J'a^^fi') = (^?G>/5') and pr(3-G,?-^ J, /?') = (:FgJo/3')- 

If 8^ is a G(Oa;)-equivariant perverse sheaf on Giq and §2 is an arbitrary perverse 
sheaf on Gr^, we can form their twisted external product S^KIS'^ (cf. Sect. 0^), which is 
a perverse sheaf on Convc. The convolution §^*S^ € Sh( Gr^) is defined as pr\{§i^M$'^) . 
We have the following result: 

Proposition 3.2.3. In the above situation $^ * 8^ is a perverse sheaf. 



Remark. Proposition 3.2.3 has been first established in |2C] under the assumption that 
82 is also G(Oa;)-equivariant. The proof in the general case is given in flF 



Assume now that both 81 and 82 belong to Sph^j. The Proposition |3.2.3 and the 
decomposition theorem (using the fact the each Gr^ is simply-connected) imply that 
8^ *8^ is also an object of Sph^j. In addition, it follows from the definitions that there 
is a canonical isomorphism *(8i +82) — (*S2) * (*Si). 

3.2.4. We will now reformulate the definition of Gr^j using the global curve X. We 
claim that Gr^j is the indscheme that classifies the data of (3"g , [3) , where 3"^ is a 
G-bundle on the curve X and (3 is its trivialization on AT — a; . 

Indeed, to (J'g, j3) as above, we can attach 3"g|d^, which is a G-bundle on and /3 
defines its trivialization over 2)*. Now, a theorem of Beauville and Laszlo (|l|) asserts 
that the above map from the set of pairs {Fq, f3) "on AT" to that "on D^;" is a bijection. 

Consider the stack Bun^. Let x9 denote the canonical G(Oi.)-torsor over Bunc, 
whose fiber over S'g & Bun^ is the set of isomorphisms S'gId^ — '^ll'i.- 

Recall the stack !Kg and let x'^G denote its fiber over Bun^ xx C Bunc xX; let 
x'^G x'^G be the corresponding finite-dimensional substack. 
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The above mentioned result of [P implies that both projections Hq and Hq realize 
x'Kg as a fibration over Bunc with the typical fiber Giq'- 

We call these identifications id' and id'', respectively. By definition, under id', 
goes over to the substack Gvq x x g C GiG X j,g. 

We define the locally closed substack x'^g x'^g ^^G ^ In what follows, 
for (S'g, 3"^, /3) G a;3^G' ^^^^ ^'^^^ "'^G ™ position A with respect to 9"g"- 

Thus, to § € Sphfj and an object T G Sh(BunG') we can attach their twisted external 
products (SKIT)' and (SKIT)''. In particular, the intersection cohomology sheaf IC —a 

is nothing but (A^K ICBunc)'- 

We introduce the Hecke functors xHq{-, •) and xHq{-, •) from Sph^ x Sh(BunG) to 
Sh(BunG') as follows: 

xHg{§,7) := /i^,(*SiT)'' and (S,T) := /iG!(SiT)'. 

Since every Gr^ is complete, the projections and are proper and the Hecke 
functors commute with Verdier duality. Moreover, they are compatible with the tensor 
structure on Sph,^ in the sense that there exist functorial isomorphisms: 

xH^{§i,xHg{§2,7)) ~ xHg{§i*§2,7) and ^i/^ (§1, x^G (§2, T)) ~ ../^g (Sa^Si, T). 

Finally, let us observe that there is a canonical isomorphism xHq{§, T) ~ xHq{*§, T) 
and for a fixed S E Sph,^, the functors 

T ^ xH^{§, T) and T ^ (B(S), T) 

are mutually (both left and right) adjoint. 

3.2.5. In addition to the stratification by the Gr^'s, the indscheme Gtg is stratified 
by the so-called semiinfinite orbits: 

Consider the standard Borel structure on T^ given by the collection of the embed- 
dings 

p A ^oA 

■^^ rrO ' V rrO 

J J, J-fJ 

and for i/ G A let Sg denote the closed ind-subscheme of Gr^ corresponding to those 
pairs (9"g!/3), for which the meromorphic map 

i:^^(-(^,A).x)-v^^^v^^ 

does not have a pole VA G A^. 

Inside 5^ there is an open ind-subscheme 5^^ corresponding to those pairs (Tg,/3), 
for which the above map 



£^(-(i.,A).x)^V^^ 



does not have a zero either. Hence, Gr^ (resp., S"^) is stratified by the Sq, v £ Ag 
(resp., by the 5^, < i^')- 



32 A. BRAVERMAN AND D. GAITSGORY 

Consider the group-indschemes U{Xx) C U{Xx)T{(Dx) C G{Xx)- For each u G Aq, 
Sq is stable with respect to the {7(IKa;)T(0a;)~action on Giq- (Moreover, it is easy to 
see that Sq is isomorphic to the quotient of U{%x) by a certain group-subscheme.) 

The following assertion (due to Mirkovic and Vilonen, [^]) will play a central role 
in this paper: 

Proposition 3.2.6. Consider the intersection G^'qC^Sq. 

(a) It is empty unless wo(A) < < A. For u = X, it is open inside Gr^ (and hence is 
smooth and irreducible). For v = wo(A), it is isomorphic to the point-scheme. 

(b) dim(Gr^n5^) < (A + i/,y5). 



3.2.7. It has been known since the works of Lusztig [^], Ginzburg [16| and Mirkovic- 



Vilonen [21| that the functor * : Sph(^ x Sph(^ i-^ Sph^^ prolongs to a structure of tensor 
category on Sph^j, and as such it is equivalent to the category of finite-dimensional 
representations of the Langlands-dual group G. We will need this statement in the 
following formulation (@): 

Theorem 3.2.8. (a) The convolution product §^ , — > S^'^^atS^ admits associativity and 
commutativity constraints, i.e. Sph^j has a structure of a (symmetric) tensor category. 
Moreover, the functor 

gResy : SpliQ — > A-graded vector spaces 

given by 

gRes^(§) = © i/^2'^>(5^,S|sj^) ® Q7((z^,p)) 

has a natural structure of a tensor functor. 

(b) The algebriac group corresponding (by Tannaka's theorem) to Sph^^ and the com- 
position 

Forget o gRes^ : Sph^ A-graded vector spaces vector spaces 

is canonically isomorphic to the Langlands dual group G, in such a way that the equiv- 
alence 

Fg : Sphc ^ Rep(G) 

has the following properties: 

• gRes^ goes over to the natural restriction functor Res^ : Rep(G') — > Rep(T), i.e. 

Res^ oFg ^ gResr . 

• Fg(A^) = GRep(G'). 

• The countravariant self-functor 8 on Sph^ goes over to the dualization 
functor on Rep(G). 



The following assertion can be obtained by combining Theorem 3.2.8 and Proposi- 
tion ^^2^ : 
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Corollary 3.2.9. For X £ Aq and v G A consider the Qi-vector space 

We have: 

(a) It is zero for i > (z^, 2p). 

(b) For i = {i^,2p) it identifies with V^{i'). Moreover, 

V\u) ^ //f+^'2^)(Gr^nS^,Q^((A + z.,p))). 

In particular, we infer that V^{i') has a basis given by the irreducible components 
of the scheme Gr^ HS'q which have (the maximal possible) dimension (A + v,p). 



Remark. The paper |21| contains an even stronger assertion, namely that the cohomol- 
ogy group W{Sq,Aq\sv) vanishes unless i = {v^lp) and that the scheme Gr^ nS^ is 



of pure dimension (i/, 2p). However, for our purposes the formulation of Corollary |3.2.E 
will be sufficient. 



3.3. Proof of Theorem 3.1.4 



3.3.1. For a point x G X, let be the pre-image 'p ^(ajlK^j) C Z. (By abuse of 
notation we will continue to denote by 4> (resp., '/i^, /i^, /i^, v) the corresponding 
maps when Bun^ x X is replaced by Bun^ = Bun^ x x.) 
We have the following diagram: 



Bun^ 
P 

Bunc 



Buns 
P 

Bunc 



To simplify the notation, we will prove the following version of Theorem 3.1.4 



Theorem 3.3.2. 



-(ic 



The proof of Theorem |3.1.4| is no diffrent from the presented below proof of Theo- 
rem 



3.3.2. 



For u G , let x,u^vlt^b (resp., x,>i^^'^t'^b) be the closed (resp., locally closed) 
substack of Bun^ that corresponds to those triples {3^g,3't,h) for which each of the 
maps 



has a zero of order not less than (resp., exactly) {u, A) at x, for all A € Aq 
By definition, a;.^>oBunB = Bun^ and BunB(Fg) 



U x,uBunB{¥g). We wih 



denote by j^, the embedding of aj^i^Bun^ into Bun^. It is easy to see that the map i^/ 
defines isomorphisms 



BuuB a;,>i/BunB and xfi^uuB —>■ ^^^i^Bun^. 
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Let US consider in addition the open substack x,u^Vi.T^B C x,u^Vl^b that corresponds 
to triples {3'c,3't, i^) as above for which each of the maps 

has a zero of order exactly {v, A) at x and has no zeroes at other points of X. We have: 
xfl^vLiiB = Bun^ and for v iy defines an isomorphism Bung — > x,u^'^'^B- 

By applying the decomposition theorem |||] (and taking into account the fact that 
(/)!(IC is Verdier self-dual), we infer that Theorem |3. 3. 2 is equivalent to the following 
assertion: 

Proposition 3.3.3. The complex H o (f)\ {lC ■^) satisfies the following: 

(a) It lives in non-positive cohomological degrees (in the sense of the perverse t- 
structure). 

(b) o ct>ilC^z)) identifies with IC^ ^^^ ®V>^{wq{\) + v). 

3.3.4. For an element v G A^°'', let Z^-'" (resp., Z^'"^-) denote the pre- image in xZ of the 
stratum ^^^i^Bun^ C Bun^ under the map 'Hq (resp., cp). For two elements 1^,1^' £ A^°^ 
let Z"'" denote the intersection Z-'" n Z"'- . (As we shall see shortly, Z'^''^ is empty 
unless > v' .) 

If now A' is an element of A^t such that A' < A, let Z'^'^ denote the intersection 



To prove Proposition 3.3.3 it is enough to prove the following 

Proposition 3.3.5. Forv^v' and X' as above, let K^'^' € Sh(^^,yBunB) he defined as 
0!(IC^2^ |^,^,y',A')- We have: 

(a) K'^'^ lives in cohomological degrees < and the equality is strict unless i/' = 
and A' = A. 

(b) The ^-restriction of K'^'^'^ to x,iyBunB — I'^^Bun^ lives in cohomological degrees 
< 0. 

(c) The restriction of h^ [K'^'^'^) to x.jyBun^ can be identified with 



Consider the open sub-stack ^.^oBun^ C Bun^. For (9"g, S"]-, € j^^oBun^, the 
restriction of this data to the formal disc Tix defines a i?-bundle over D^., or which 
is the same, a i?(02^)-torsor. Therefore, there exists a canonical i?(02^)-torsor over 
a;_oBunB, which we will denote by ^.S. 



Using the fact that i^ maps jjoBun^ isomorphically onto i^^jyBun^, we obtain a 



-B(03;)-torsor x"^^ over each j^^i^Bun^. q| We will denote by x'^^ the restriction of a;'B'' 
to the open sub-set x,u^'^^B C ^.^lyBun^- 

The next assertion follows from the definitions: 



*Note, however, that there is no globaUy defined _B(Oa;)-torsor over Buns that would restrict to xTi'' 
over the corresponding stratum. 
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Lemma 3.3.6. (a) The stack Z''^ with the projection 'Kq : Z''^ — > ^y^^^^B is 

a locally trivial fibration with the typical fiber Grg™°^'^\ More precisely there is an 
isomorphism 

where Gr^^^''^'^'' is viewed as a B{Ox)-scheme via B(Ox) ^ G{Ox)- 

(b) The sub-stack Z"'^' ^ Z^'"^' identifies (using the notation of point (a)) with 



(c) The sub-stack Z^ ''^'^ when viewed as a stack projecting to x,u^vLnB by means of 
'), identifies with 

(Gr^'n5r'^'+-'(^))''x^^.a3^ 



(d) For every v,v',\' , the pre-image of the open substack x,u^^nB C aj^jyBuns in 
under the projection 4> coincides with the pre-image of xy^Vi^^B C .^ly/Bun^ 
under 'h^ . 

3.3.7. We are finally ready to prove Proposition 3.3.5| (and hence Theorem 3.1.4 ): 

Since the map h^ : x'^g ~^ Bung is a locally trivial fibration, the sheaf IC^;^ Iz'^^ 
is a twisted external product 

(in the above identification we have used the isomorphism of Lemma 3.3.6| (a)). 
Hence, the restriction IC^^^ U" "''^' ^ twisted external product 

^-wo(A)| ,MTP I 

First of all, by the very definition of IC, the sheaf ICg^^ | lives in cohomo- 

logical degrees < and the equality is strict unless v' = 0. 

The restriction Aq'"°^'^^\ -wo(a') is a constant complex over Gtq'"'^^^ ^ which lives in 

cohomological degrees < unless A' = A. Using Proposition p. 2. 6 , we obtain that the 
sheaf 

'Wo(A) I 

lives in cohomological degrees 

-wo(A') (-,-wo(A')-v+;/' ^^-W()(A')n 



< - codim(Gr-™"^'^ > n^"""^'' , Gr^™"^-^ ^) < _(a' - A + i/ - i/', p), 

with the inequality being strict unless A' = A. 

Hence, if either A' 7^ A or u' ^ 0, the sheaf IC^^" lives in cohomological degrees 

< —{\' — \ -\- V — u' , p) . However, Lemma 3.3.6| (c) and Proposition 3.2.(: imply that the 
dimension of the fibers of the projection 
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is < {X' — X + v — v\ p) and this proves point (a) of Proposition 3.3.5 



u 

Let Z'^'O'^ denote the preimage of the open subset Bun^ C x oBun^ in Z"'^'^ under 
the map '/iq . Considerations analogous to the ones above show that the restriction of 

o 

IC 2 \z"fi'^ to Z'^'^'^ — Z'^'^''^ is concentrated in cohomological degrees < 0. This imphes 
Proposition 3.3.5| (b) in view of Lemma 3.3.6| (d). 

To prove Proposition 3.3.5| (c), observe that the restriction of IC^^^ [ o ^ is a constant 

o 

sheaf. More precisely, when we identify Z'^'^'"^ (using points (c) and (d) of Lemma 3.3.6D 

W (X) + V -^(Oa:) O 

with (Gr^ n5^* x ^^'B'^, the sheaf IC^;^ 1^^ g a ^^^'^ ^'^^ ^"^^^^^^ 

product (Q^[l](i))®<f;i„„.. JlC, 



^ 2 ^''cr^ ^5,wo(A)+.^ i*--.,. Bun- 



As the group B{Ox) is connected, this implies that the 0-th=top perverse cohomology 
of its direct inictge on x^u Bun ca.n be identified, with 

IC_Bu„0^°(Gr^n5-»(^)+^(Q7[l](i))«<^'2^>). 
Now, the assertion of Proposition |3.3.5| (c) follows from Corollary 3.2.9| (b). 

4. Action of Hecke operators (the non-principal case) 
4.1. Variant of the basic diagram. 

4.1.1. Let P be a parabolic sub-group of G. Consider the stack ^^^ooBunp that classifies 
triples 

{■Jg^^m^T^p ■■ S'gIx-x ^ G/U{P) X Jm\x-x)- 

M 

In other words, a point of ^^ooBunp is a pair {3'g,3'm) ^ Bunc x Bunjv/ and a 
compatible system of maps 

for every G-module V, which satisfy the Pliicker relations in the same sense as in the 
definition of Bunp (cf. Sect. 1.3.5|) . 

By bounding degrees of poles of the maps kJ, we can represent ^^^ooBunp as a union 
of its finite-dimensional closed substacks: 

Let G A be dominant with respect to M, i.e. u € A^^. We define a closed finite- 
dimensional substack >,yBunp as follows: it corresponds to those triples (5'g)5'm,^p) 
for which Kp maps 

if V is a G- module whose weights are < A. Let ii, denote the corresponding closed 
embedding. 

In particular, Bunp C ^^^ooBunp coincides with 2;^>oBunp. It is clear that if for 
A-'Ij, Wq^(z^' — u) e A^°^, then a.^>,^/Bunp is contained in 3;_>,^Bunp and that 
X ooBunp is the inductive limit of the x >;/Bunp's. 
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We will abuse the notation and continue to denote by pp and qp the natural pro- 
jections from a;^ooBunp to Bunc and to Bunjvf, respectively. Finally, note that when 
P = G, the stack x,ooBunp is identified with the Hecke stack x'^G- 

4.1.2. Let x,ooZp^M denote the Cartesian product: 

x,ooZp^M = x'^M X x.ooBunp, 

where maps to Buum by means of hj*j. 

By definition, the stack x,oo-^p,m classifies quadruples {3'g,3^m,3''j^,kp), where 
(S^C^'m^^p) is a point of a;,ooBunp and 3^m is an M-bundle over X identified with 
over X — x. However, to a quadruple {3^Gt^Mi3^'mj^p) above one can attach 
another point of ^^ooBunp, namely {3'g,3'm ,^p)- Thus, as in Sect. 3.1.1 we obtain a 
second projection '/i*^ : x,ooZp^M Bun^/. 

It is easy to see that we obtain in fact two Cartesian squares: 

'h"- 'h- 



^Bunp i x,ooZp^M ^ x.ooBunp 



'qp 



qp 



BuUAf < x^M BUUM 

Therefore, for § G Sph^^ and T € Sh(a;^ooBunp) we can define their twisted external 
products (SKIT)', (SKIT)'' G Sh(a;^ooBunp). We introduce the Hecke functors xHpj^y[{-, •) 
and xH]^n.[{-, •) from Sph^j x Sh(2;,ooBunp) to Sh(^^ooBunp) by setting 

xH^^Mi^,7) = 'h'j^jii^Smy and xHp^Mi^,^) = '/i^f !(S^^)'. 

These functors have the properties exactly analogous to those of xHq{-, •) and 
xHq{-, •), described in Sect. 3.2.4 . 

For v G A^,j, we will denote by xHpj^j the self-functor on Sh(2,.,ooBunp) defined as 
7 xH p j^,^{A\j , T). 

We have the following assertion: 

Theorem 4.1.3. a.ffp^,j(IC ^^g^^) is canonically isomorphic to the intersection co- 
homology sheaf of ,j. y_^M(^^-^Bunp. 

A proof of this theorem will be given in the next subsection. 

4.1.4. Now let us consider the stack 

x,ooZp^G = x'^G X x,ooBunp, 
Bunc 

where x^G projects to Bun^ by means of Hq. 

Similarly to what we had above, one can define a second projection 'Hq : x,ooZp^G ~^ 
Buug and we obtain a diagram 
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3Bunp 



'ho y 'ho 



IT, 



Bunc 



pp 



,ooBunp 
pp 
Bunc 



or <— the actions xHpQ and xHp ^ 



in which both squares are Cartesian. 

Proceeding as above, we obtain two functors xH'pq{§,7) and xHPq{§,7) from 
Sphg X Sh(2;^ooBunp) i— > Sh(a;^ooBunp). For A € A^t and T € Sh(3;_ooBunp) we set 
xHpq{7) = xH'pq{Aq,7). 

It is easy to see that for ? =— > or <— and ?' = 
commute in the sense that there is a functorial isomorphism 

xHp^ci^G, xHp m{S>M ,'^)) — xHp m{S>M,xHp g{§g,7)), 

where §g ^ Sph,^, §m G Sph^ and T G Sh(2,.,ooBunp). 

Theorem 4.1.5. For A G A^i, there is a canonical isomorphism: 

.Homj,;,(C/M/^). 



x-"p,G 



(IC ^ ) ~ © IC ^ 



4.1.6. The combination of Theorem 4.1.5 and Theorem 4.1.3| yields the following: 

Let gRes^j : Sph^ —>■ Sph^i^ denote the tensor functor corresponding to the restriction 
functor Res^^ : Rep(G') — > Rep(M) under the equivalence of Theorem 3.2.8 . 

Corollary 4.1.7. The two functors Sphg — > Sh(a;^ooBunp).- 

§ ^ xHpGi^^^C^^^^^^^) and 8 ^ ^i7^M(gResgj(S), IC^ 

are canonically isomorphic. 

Moreover, from the proof of the above theorems, it will follow that the isomorphism 
of functors of the above corollary is compatible with the tensor structure in the following 
sense: 

Let §i,§2 G Sph(j the two isomorphisms 

xHp^Gi^l, xH'j^,Q{2>2,^G^^^)) ~ xHpGi^i *82,ICg^^^) 

,i/^M(gResf,(Si *S2),ICg^,^) ^ ,if^M(gResff(Si) *gResf,(§2),ICg^^^) ^ 
xHp^M{^Res%i{%2),xHpM{^Res%{%i),lC^^^)) 

and 

xH^,Gi^l-,xH'pG{^2,lG^^^)) xH^^Gi^l, xHpM{gRes'£f{§2)JC^^p) 
xHp^M (gRes^j (82 ) , xHpq{§i, ICg^^^ ) ) 
xHp^Mis^^SMi^2),xHp^^{gRes^{§i),lC^^^)) 
coincide. We leave the verification to the reader. 
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4.1.8. Now let us explain how Theorem 4.1.5| implies Theorem 2.3.7] . 

To simplify the notation, we shall prove the following statement: 
For 8 G Sphgr and 7 E Sh(BunM) there is a functorial isomorphism 

(1) ,/7^(S,Eis^(T)) ^ Eisf,U.//l^(gRes^(S),T)). 

Moreover, this isomorphism is compatible with the tensor structures on Sph(^ and on 

The proof of Theorem [2.3.7 in its original form (i.e. when x is not fixed) is absolutely 
analogous. 

For T G Sh(BunAf) the LHS of (|^) can be rewritten using the stack coBunp instead 
of Bunp: 

,lf^(§,Eisf,(T)) := .i/^(§,pp,(qJ,(T) 55lC^^^^g^^^)) ® (Q^[l](i))^-'lim(Bun„)_ 

The maps qp o'/iq and qp o'/i^ from x,ooZp^G to Bun^ coincide. Therefore, using 
the projection formula and the base change on the diagram definining x,ooZp^G: the 
above expression can be rewritten as 

(2) ppiq*p{7)0xHp^ai§,lC^ ^^^^^)) ^ (Q7[1](^))^-'^^"'(^"'^-). 

Now, let us apply Theorem 4.1.5| (in the form of Corollary 4.1.7D and rewrite (|^) as 
PP!(qp(T) ® .ffKM(gResf,(§),IC^^^^g^^^)) (Q^[l](l))®-d-{B-M). 

Again, since pp o '/i^ = pp o '/i^ as nicips x,oo^P,M — ^ B^^G; the projection formula, 
implies that (|4.1.^ ) is the same as 

pp,(qJ,(.Fl7(gRes^,(S),T)) ® (Q^[l](^))®-'i^-(^""-), 

which is what we had to prove. 

The fact that this system of isomorphisms is compatible with the tensor structure 



follows from corresponding property of the isomorphism of Corollary 4.1.7 



4.2. Proof of Theorem [4.1.3 . 

4.2.1. Let a;,oBunp denote the open substack of 2:^>oBunp = Bunp that corresponds 
to those triples (3"g,9^M5^p) for which the maps 

have no zero at x. 



Proposition 4.2.2. The composition 
is a locally closed embedding. 



'^M Hi^.oBunp) ^ x,ooZp^M x.ooBunp 
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Proof. It is easy to see that the assertion of the proposition amounts to the fohowing: 

Let (3"g) 3'm,kp) be as S'-point of Bunp, such that for every G-module V, the sheaf 
embedding 

has no zero along the divisor x x S C X x S. Suppose that {'Jm, 9"m) /5a/) is an S'-point 
of such that the a priori meromorphic maps 

extend to regular maps on X x S, which do not have zeroes along x x S. 

In this case we have to show that 9"^^ in fact equals 3^m, i-e. that Pm induces regular 
maps : IXgr/^^ — > Uj-j^j for every M-module U. 

First, let us assume that U is isomorphic to V^^^^ for some G-module V. In this 
case, the above map k'^ must factor as 



because (V^(^))gr^^ is maximal at x x 5 in V^^, by assumption. In particular, this 
means that P'^j is regular. 

The same argument shows that if U is 1-dimensional, corresponding to a character 
A G A^pnA^t,, the map 0^ is an isomorphism. Since the semigroup A G A^ p generates 
^G,Pi we obtain that P]^^ is an isomorphism for all 1-dimensional representations. 

To finish the proof, it remains to observe that every M-module can be embedded 
into a tensor product of a 1-dimensional module and a one of the form V^^^-* . 

□ 

For u G A^^, let ,^Bunp denote the image under ' h'^j^^ (xfi^unp) — H- j^- ooBunp of 
'h'^~^{xfi^nnp) n ' qp^ {x'K'^) . Let jiy denote the locally closed embedding of a;,i/Bunp 
into ^.^ooBunp. 

Proposition 4.2.3. The locally closed substacks a;^;y/Bunp, Wq^ {u' — u) £ A^°^ form a 
stratification of x,>u^Wl1p, with a;,i/Bunp being the biggest stratum. 

Proof. The fact that a;,i/Bunp is contained in 2;^>^Bunp follows from the definitions. 
Therefore, to prove the proposition we have to show that every Fg-point (S^g^^'m ,Kp) 
of 2:,ooBunp is contained is some a;^>yBunp. 

The latter amounts to showing that there exists an M-bundle 3"^^ and an isomor- 
phism Pm '■ 3''j^,j\x-x — 3'm\x-x, such that the composition 

extends to a regular map on the entire X, which has no zeroes at x. 

The construction of such 3"^,^ repeats the proof of Proposition 1.2.5| in its parabolic 
variant. 

□ 
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Since the complex xHp ^^{IC^^^) is self-dual, in order to prove Theorem 4.1.5 it 
suffices to prove the following assertion: 



Proposition 4.2.4. For any u' E A^^ the complex 



M 

Bunp ' 

Ml 



lives in cohomological degrees < and the inequality is strict unless v' = — Wq {v) . 
Moreover, for v' = — Wq^(z^) its 0-th cohomology can be identified with IC ^ 

X,— Wq'-^{i/) ^ 

4.2.5. For v',r],r]' S A^^ let us consider the following locally closed sub-stacks of 

x,ooZip^M'- 



^p'm '■= C^m) ^{x,u'Bunp), Z-ji^^j := ('/i^) ^(^.^Bunp), 
Let Zp'J^^ denote their intersection and similarly for Z^l^t i ^tc. 

M 



We will denote by K'L'^'^ the complex 



on a; j,/Bunp. 

To prove the proposition it is enough to show that K'^'^'^ lives in negative cohomo- 
logical degrees unless u' = —w^{i'), rj = 0, rj' = v and that 



Recall the indscheme ConvA/ (cf. Sect. 3.2.2 ). As we have seen before, the map pr' 
makes it a fibration over Gtm with the typical fiber GrM- For z^i, z/2 G A^^ let ConvJ^^''^^ 
be the corresponding locally closed subscheme of Convjv/, which is fibered over Gr^j 
with the typical fiber being Gr^|. If /i3 is a third element of A^, we will denote by 
Conv^()'^''''^ the intersection Conv^^'^i npr-i(Gr5;}). 

We will need the following fact, which follows easily from Proposition 3.2.3| (or al- 
ternatively, from Proposition |3.2.6| ): 

(3) dim(Conv^}''^^''^^) = (/xi + ^2 + /is, Pm) 

Consider the composition 



Zp'j^f ^ x,!.' Bunp ~ Bunp x ^ Bunp. 



BuiiAf 



It follows from the definitions that Zp'j^j is a locally trivial fibration over Bunp with 



the typical fiber Convey'' . More precisley, we obtain the following identifications of 
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stacks: 

Zp'If Coiwl^"^ X (Bunp X ,.M) 

Buhm 



'hM 



id xpr' 



> GrX/ x (Bunp x ^M), 

where a;M denotes the canonical Af (02^^)-torsor over Hutlm- Similarly, we have the 
identifications 



Conv^-«o-('^') \Bunp x .M) 

BunM 

id xpr' 

^ M{Oa:) 

3;^j,Bunp — - — > Gr^^ x (Bunp x ^M). 

BuriM 

Lemma 4.2.6. Under the above identifications, the stack Zp'^^^ admits the following 
description: 

(a) Inside Z^p'j^p , it is identified with Conv^y^ ''^ x (Bunp x ^.'^Vt). 

BunAj 

(b) Inside Z^i^t > ^•s identified with Conv^ iv)''^ ^ (Bunp x ^^M). 

BunM 

Let us consider the *-restriction of {A^j ° KllCg^^)'' to Zp^^^ . By definition, 
this complex lives in cohomological degrees < (and the inequality is strict unless 
rj = V and = 0). Moreover, it is constant along the fibers of the projection 

'^¥\M ~^ x,r;Bunp. 

Therefore, from the description of Z^p'^p given in Lemma 4.2.6| (b), we infer that 
when we restrict this complex further to Zpfj^ it will live in cohomological degrees 

< - codim(Convl-""(''')^^', Convl--'^"')) = -(r/ + r?' - , pm), 

where the last inequality follows from (|^). Moreover, the inequality is strict unless 
rj = and rj' = v. 

Let us observe now that according to Lemma |4.2.6| (a), the fibers of the map 

^P,M^ ~^ x,!/'Bunp 
can be identified with the fibers of the projection 

pr' : Conv^/ Gr^/ . 
By applying again we conclude that those have dimension < {rj + rj' — u' , pm) ■ 
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This implies that when r] ^ or r]' ^ i' the complex K^/^'^ lives in negative 
cohomological degrees and it remains to analyze the case rj = 0, rj' = i'. 

However, in the latter case Zp^j^ coincides with Zp^'^ projection onto 

x^jyBunp is an isomorphism. This implies the last statement of the proposition, since 

the *-restriction of ICg^^)'" to -^p*^^ obviously coincides with lC^!,o,u. 



4.3. Proof of Theorem 4.1.5 



4.3.1. For the proof of Theorem 4.1.5 we need to recall several additional facts about 
affine Grassmannians. 

Recall the lattice Ag,p (cf. Sect. [1.3.1] ), which by definition can be identified with the 
lattice of characters of the torus Z{M). Let us observe, that Aq^p can be identified, in 
addition, with the set of connected components of the affine Grassmannians Gr^/yj^/ 
and Gr^v^. 

Q 

For 6 £ Ag,p consider the closed sub-scheme Sp of Gr^ that corresponds to those 
pairs {3^G,(3 '■ S^Idj ~^ S'gIdj)) for which the meromorphic map 

has a pole of order < {6, A) for every A € A^^p. 

Similarly, let Sp be an open subscheme of 5p that corresponds to the pairs (9"g)/3) 
as above for which the maps 

i:^(-(0,A) -x) ^4^, AG Ag,p 

have no zero either. 

The subscheme Sp is stable under the action of the group [P, P]{JCx)M{Ox) on Gr^. 
Moreover, the action of an even smaller group, namely, of [P, P]{JCx) on Sp is transitive. 

The following assertion is well-known: 
Proposition 4.3.2. For each € A^^p there exists a unique map of indschemes 

tp I S'p — > Grjv/ 

with the following property: 

For (9^G)/3 : ^^lnj ~* ^g\d*) £ Sp, its image {"Jm^I^m) is the unique point ofGiM, 
for which the composition 

has neither zero nor pole VA E Aq. 

By definition, tp takes values in the connected component of Gtm corresponding to 
9. Let I' be an element of A^j and let 9 be its image under the projection A — > Aq^p- 
In what follows, we will denote by Sp the pre-image tp~^(Grj^) C Sp. We will denote 
by tp the corresponding map Sp — > Gr^. 



The next result is a consequence of Proposition 3.2.6 
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Proposition 4.3.3. (a) Let v (resp., X) be a dominant integral coweight of M (resp., 
of G) The intersection Sp D Gtq has dimension < (z/ + X, p) and the fibers of the 
projection 

tp I Sp n Gr^^ — > Gr^^y 
are of dimension < {v + X, p) — (i^, 2/5j\/). 

(b) For X G Aq and 9 G Aq.p, the direct image 



hm\)) 



®{e,2(p-pM)) 



lives in cohomological degrees < 0. (In the above formula we have used the fact that 
2(/5 — pm) € Kg,p-) Its 0-th cohomology belongs to Sph^^. 
(c) The functor Sph.Q — > Sph^,j given by 



s^e/iO(tf,!(S|5«: 

has a natural structure of a tensor functor. 



Finally, we will use the following theorem, which follows from Theorem 3.2.8| (cf. 



Theorem 4.3.4. The tensor functor 



(g.(e,2(p-pA/))^ 



§^©/i"(t?,,(S|5«)®(Q,[l](-)) 

of Proposition \4- 3.$ fc) is canonically isomorphic to the functor gRes^j that makes the 
following diagram of categories commutative: 



Fg 

Rep(G) 

Corollary 4.3.5. The complex 

.A ) (Q 



Res, 



Sph^ 

Fm 

Rep(M) 



,1, 



;[l](:l))'X'(^.2p>+(i/,2(p-pM)> 

^G' ^ 2 

lives in the cohomological degrees < and its 0-th perverse cohomology is canonically 
isomorphic to ICcr^ (>i)}lom.£,j{U'^ , V^). 



4.3.6. Now we will proceed to the proof of Theorem 4.1.5. The argument will be a 



direct generalization of the ones of Theorem |3.3.2| and Theorem |4.1.3 . 

As the complex xHpq{IC^^^) is self-dual, in order to prove that it is isomorphic 
to the direct sum IC ^ 'SiIlomj^j{U'^ ,V^), it is enough to show that the 

complex 

(4) 



-wo{A)f 



G 



lie 



Bunp ^ 
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lives in non-positive cohomological degrees and that its 0-th cohomology can be iden- 
tified with ^g^^^ ®Hom^,(C/M-^). 

For zv, u' € A^^ and A' G A^t, let Z^J^q" and Z^p^Q^ denote the locally closed sub- 
stacks of x,ooZp^G equal to 

'/iG"Hx,;.B^Inp) n'p"^(^:>{^') and '/i^ "Hx^B^Inp) n 'p"^(^.:K^'), respectively. 



Let denote the canonical P(02:)-torsor over ^^^oBunp (cf. Sect. 3.3.4 ) and let x'^ 
denote its restriction to the open substack Bunp C ^.^oBunp. 
We have the following identifications of stacks: 

'fc?7 — - 



and 



(Gr^xGrX^) x ,T 



Z 



P,G 



(Gr--(^') X GrX;) ^^^^.O' 



yBunp 



Gr^j X x'? 



,/Buni 



■oBunp 



id 



a;,oBunp 



x,oBunp 

id 



x,0 



Bunp. 



Now we need to introduce one more piece of notation. Let Hi,fJ,2,fJ'3 be elements of 
A^ and let ^ be an element of A^. Let us denote by VF^''^^''^^'^^ the following locally 
closed subscheme of Gr^ x Gr^: 
jyf,M,M2;M3 consists of those quadruples 

P '■ 3^g\t>% 3^1x1%, 3^m, Pm ■ 3^ Mini 

for which 

. (yG,/3)GSji^nGr«,. 

• ((:?M, /3a/) X t^' (3"g, /?)) G G^M X Gr^ lies in the image of Conv^'''''^' under the 

projection pr x pr' : Coiwm — > Grj\// x Gvm- 
Note that one can rephrase the third condition in the following way: the point 
(S'miPm) £ GrAf is in position ^3 with respect to t^{3^G,P)- 

Finally, for v, v' , rj G A^^ and A' G A^ we define the locally closed sub-stacks Zp'^'^'^ 

and Z'^p'q^'^ of x,ooZp^G as follows: 

Using the identification of the first of the above commutative diagrams, Zp'^^'^''*' is 
equal to 



W 



^'^''^^^ X ,?c(Gr^xGry x 
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The stack Zp'^'^'^ is defined via the second diagram as 



Lemma 4.3.7. The sub-stacks Zp'^'^'^ C Zp^c o-nd Z'p^Q^''^ C Zp^c coincide. 

We define the complex K'^'^ on aj^j/Buiip as th.6 direct image under the map 
'h^ : Zp;^'''"^' ^ x.^B^Inp of the restriction of {A^'^^^^^miC^^^Y to ^p;^'''^'- 

4.3.8. To estabhsh the required isomorphism, it is enough to show that 

a) The complex K'^''^' lives in cohomological degrees < and the inequality is strict 
unless I'' = 0, X' = X and rj = v. 

b) The ^-restriction of hP {K'^'^'^''^) to ^.i/Bunp — ^^^i^Bunp vanishes. 

c) h^{K'''^''''^) restricted to x,v^vm.p is isomorphic to IC^^Bunp Hom^^(C/^, F^). 



First of all, as in the proofs of Theorem 3.3.2 and Theorem 4.1.3 , the *-restriction of 



{AfT^'^^^^MlC-^^^y to the substack Zp^'^'"** = Zp'^^^'^ lives in cohomological degrees 

< -codim(VF-™o(^')'-"o"W.-V,Gr-"°(^') x Gr^^) 
and it follows from (jH) and Proposition [4.3.3| (a) that 

codim(t^""»(^')'-™o"W.-V, Gr^' x GrX^) = (A', p) + {w^'{v),p) + k^' " A'kn) - pu). 

Now, the fibers of the map 'Iiq : Zp^''''^ — s- j^^^^Bunp have the same dimension as the 
fibers of the mapW^''^''^''^' Gi\.j, and the latter equals {X' , p)-\-{rj, p)-\-{y' —v—rj, pm) ■ 

As (r/, p — pm) = (wo^(ry),p — /Oa/), point (a) above follows. Point (b) follows in the 
same way as point (b) of Proposition 3.3.5| . 



Let us consider now the case A' = A, i/' = 0. (In this case r] is automatically equal to 

o u u \ 

v.) Let Z^'*^'*^'^ denote the pre-image of Bunp in Z^pq' under the map 'h^ . Then 

o 

pre-image of Bunp under the map 'Hq . 
We have the following commutative diagram of stacks: 

zvfi,v^ , (5);nGr^) X 



,,,a;Bunp > GrX/ x ^T. 



Moreover, as Bunp is smooth, the restriction of (yi^,™" KllCg^^)'' to Zp^o''^'^' is 
the twisted external product 
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Therefore, since the group -P(O^) is connected, Corollary 4.3.5 implies that the re- 
striction of h^iK^'^'"'^) to Bunp can be identified with IC^^ Bunp ^ Hom^^(C/'', V^). 

Hence, we have established the isomorphism 

The fact that this isomorphism is compatible with the tensor structure, is a corollary 
of point (c) of Proposition 4.3.3 combined with Theorem 4.3.4 . 

5. The acyclicity theorem 

5.1. The notion of local acyclicity. Let / : Yi ^ ^2 be a map between smooth 
algebraic varieties and let S be an object of Sh(yi). In there was introduced the 
notion of universal local acyclicity (we will abbreviate it to ULA) of S with respect to 
/, which we are now going to review. 

5.1.1. Let (7 : y — > Y" be a map between algebraic varieties. If §1,82 are two objects 
of Sh(y"), there exists a natural morphism in Sh(y): 

(5) 5*(Hom(§i,S2)) ^Hom(5*(§i),r(S2)), 

where Hom is the internal Hom. 

Assume now that both Y' and Y" are smooth and take 

§2 :=Dy. =.(Q7(l)[2]f 
Then (||) yields us a functorial map 

/(B(S)) (g) (Q^(l)[2])®^''^(^')-'^''^(^") ^ B(5*(S)), 
and by replacing S by B(§) we obtain a functorial map 

can, : g*{§) (Q^(i)[l])«dim(y')-dim(y") ^ ^!(g) ^ (Q^(l)[i])«dim(y")-dim(y'). 

The above natural transformation caug is clearly an isomorphism when g is smooth. 
Let us point out that in general, the map caUg is not expressible via the standard six 
functors. As an incarnation of this fact, it is rather hard to define it on the level of 
D-modules. 

5.1.2. Now let / : li ^ I2 be a map between smooth algebraic varieties. Take 
Y' = Yi, Y" = Yi X I2 and g = Tj. According to the above discussion, for any 
S € Sh(yi) and T G Sh(y2), we obtain a canonical map 

canr, : S ® (Q^(^)[l])®-'^''^(^^) - S 4 fCJ) ® (Q^(^)[l])® "'"^(^^^ 

where ® is the B-conjugate of 0, i.e. Si 82 := B(B(Si) (g B(S2)). 

Definition. An object S G Sh(yi) is said to be locally acyclic with respect to f if canr^ 
is an isomorphism VT G Sh(y2). A sheaf $ is universally locally acyclic (ULA) with 
respect to f , if the above property holds after any smooth base change Y2 — > y2. 
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For instance, any sheaf on Yi is ULA with respect to the projection Yi pt. When 
/ is the identity map Yi ^ Yi, one can show that S is ULA if and only of it is locally 
constant. 

Remark. The above definition of universal local acyclicity is a priori weaker than the 
one given in (In other words, if a complex S is ULA in the sense of loc. cit., then it 
is ULA in our sense as well.) We conjecture that the two notions are in fact equivalent. 
However, for the purposes of this paper, it does not matter which definition to use: 



the proof of the main result. Theorem 5.1.5, works for both of them. 



Here are the most immediate properties of the ULA condition: 

1. Let S be an ULA sheaf on Yi with respect to / : Yi ^ l2- Let Y' be another 
smooth variety and 8' be an arbitrary sheaf on it. Then the sheaf S Kl S' on li x Y' 

is ULA with respect to the map Yi x Y' ^ Yi ^ Y2. (In most applications we 
will have Y2 = Yi, § := WiYi-) 

2. The ULA condition is local in the smooth topology on the source. In other words, 
if s : li — > y/ is a smooth (resp., smooth and surjective) map and S is a sheaf on 
y/, then the sheaf s*{§) on Yi is ULA with respect to / := /' o s if (resp., if and 
only if) the sheaf S on Y( is ULA with respect to /'. 

3. If s : Yi ^ Y( is a proper map (resp., closed embedding) and S is a sheaf on Yi, 
then the sheaf s*(S) on Y( is ULA with respect to /' (we are assuming that / 
factorizes as / = /' o s) if (resp., if and only if) the sheaf S is ULA with respect 
to /. 

This property allows to formulate the ULA condition in the situation when Yi is 
not necessarily smooth: it is enough to (locally) embed Yi as a closed sub-scheme 
into some Y"/ (with f = f o s and Y( being smooth) and to require that the sheaf 
s*(S) on Y( is ULA with respect to /'. 

4. A sheaf S is ULA if and only B(S) is. 

5. Let S is a ULA sheaf on Yi with respect to / : Yi ^ 1^2 and consider the functor 
Sh(y2) ^ Sh(yi) given by T ^ §0/*(T)®(Q^(i)[l])®-'i™(^2). Then it commutes 
with the Verdier duality in the sense that there is an isomorphism of functors: 

ID)(S n7) (Q^(^)[l])®-^''"(^^)) ^ B(S) ® /*(P(T)) (Q^(^)[l])®-^^^(^^). 

Moreover, when S is concentrated in non-positive (resp., non-negative) cohomo- 
logical degrees, the above functor is right (resp., left) exact. 

6. If t : Y2 — Y2 is a smooth map and 8 is a sheaf on Yi which is ULA with respect 
to / : Yi — > Y2, then 8 is ULA with respect to t o /. 



An important technical tool is provided by the following theorem (cf. Q): 

Theorem 5.1.3. Let f : Yi ^ Y2 be a map, where Yi is a scheme of finite type and 
Y2 is a smooth variety. Let 8 be an object o/Sh(yi). Then there exists a non-empty 
open subvariety Y^ C Yi, such that 8 is ULA when restricted to f^^{Y^) C y2. 
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5.1.4. The main result of this section is the following theorem: 



Theorem 5.1.5 

to the map qp : Bunp 



The sheaves ICg^ and jp\{lCBunp) 



on Bunp are ULA with respect 



Buum ■ 



The proof will be given in the next two subsections. However, we will present the 
proof only of the first part of Theorem |5.1.5 , namely that ICg^^ is ULA with respect 

to qp. The proof for jp\{lCBunp) is absolutely analogous. 

Let us show how Theorem 5.1.5| implies Theorem 2.3.2 and, in particular, Theo- 
2T|. 



rem 



Proof, (of Theorem 2.3.2) 

Point (a) of Theorem 2.3.2| follows immediately from Property 5 of Sect. [5.1.2 . More- 
over, by the same reason, for a perverse sheaf 7 on JiuuM, the sheaf c\p{7) is perverse. 

Therefore, to prove point (b) of the Theorem, it is enough to show that whenever 7 
is irreducible, c\p{7) is irreducible as well. First of all, since the map q : Bunp — > Bun^ 
is smooth (and has connected fibers), it is clear that qp(T) — qp('J')|Bunp is irreducible. 
Since the situation is Verdier self-dual, it is enough to show, therefore, that the *- 
restriction of qp(T) to Bunp — Bunp lives in the cohomological degrees < 0. 

Let K be the cone of the map jP!(ICBunp) ^^Bunp' definition, K lives in the 
cohomological degress < 0. Moreover, Theorem 5.1.5| implies that the sheaf K is also 
ULA with respect to qp. 

However, 



1, 



Bunp— Bunp 



K ^q*p{7) ^ {q,{-)[l]) 



-dim(Bunjv/) 



and the required assertion follows from the Property 5 of Sect. 5.1.2 



□ 



5.2. Proof of Theorem 5.1.5 in the Borel case 



5.2.1. We will use the following observation: 

Let be a group (or a group-stack), let Y 
a sheaf on Y. Consider the composition 



H be an arbitrary map and let S be 



/xid mult 

nif : H xY — > H x H — > H. 

We claim that the sheaf Q_iH ^ § is always ULA with respect to ruf. Indeed, the 
automorphism {h,y) ^ {h ■ f{y),y) transforms the data of {rnf,Q£H M 8) into a direct 
product situation (cf. Property 1 of Sect. 5.1.2| ). 



The proof of Theorem 5.1.5 will be essentially a reduction of our situation (q : 
Buny) to the one mentioned above, where the role of H will be played by 



Buns 

Bun-p. Namely, we will construct a stack Z that fits into a commutative diagram: 



^ The last assert ion uses, of course, Proposition 1.3.7, which will be independently proven later (cf. 
Sect, m and Sect. U). 
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Buny xBuiiB 



Bun^ 
Buny 



where the upper horizontal arrow is surjective and smooth and the left vertical arrow 
is just smooth. This will prove Theorem ^.1.5 in view of Property 2 of Sect. 5.1.2| . 



5.2.2. Let us choose elements Ai, \r G in such a way that they form a basis for 

A (g) Q. Let m be an integer > 2g — 1 and consider the product X"^'^ — A, where A 

z 

denotes the divisor of diagonals. 

Let "Kq denote the following version of the Hecke stack: 'Kq classifies the data of 

...,Xi,m,X2,l, ...,2:^,1, .■.,Xr,m} S X"""^ - A, 3"g,5'gi P)^ 

where (3 is an isomorphism 



/3 : :Jg ^ 3"g\x-{x,,„ 



such that for every i and j, Iq is in position Aj with respect to 3'q at Xij. 

We let and denote the projections from IK^. to Bun^ that send the above 
point of "Kq to 3"g and 3'q, respectively. The projection from "Kq x™'^ — A will be 
denoted by vr. 

Let us denote by Z the fiber product "Kq x Bun^, where 'Kg is mapped to Bung 

BuriG 



by means of h^. As in Sect. |3.1.1| , we have the second projection cj) : Z ^ Bun^ 
^j^m-r _ obtain a commutative diagram: 



Bun^ X (X 

pxid 
Buug X {X 



A) 



Z 



Hq Xtt I 
i 



In addition, we have the Abel-Jacobi map AJ : {X^ 



> Buns 

p 

> Bunc . 

A) — > Bun J- that maps 



and the map Z 



Bun^ 



Buns X (X™-" 



Bunj- coincides with the composition 



A) "l^'^ Buns X Buny 



Buny . 



The sought-for stack Z is defined as an open sub-stack of Z: 
A point ({xij}, 3"g, /?, S'g^ S't' {'^'^ : ^j-^ ^ "^3^0^^ belongs to Z if the following holds: 

a) The map k'^ : H^, ^ V^, has no zero at any of the points Xjj, VA € A^. 

b) The map k/^ := iL^, (— S (Aj, A) • Xjj) ^ has no zero at any of the points Xij 
either, VA G A^. 
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It remains, therefore, to check that Z defined in the above way satisfies all the 
requirements. 

The projection '/i^ : Z Bun^ is smooth by definition, hence, so is the map 
Z — > Bun^. The fact that this map is surjective follows from Lemma 3.3.6| (b). 



Now, the restriction of (/> onto Z is an isomorphism, as follows from Lemma p.3.6| (c), 
and the map A J : {X™-'"^ _ /\) ^ Bun-p is smooth due to the condition that m > 2g — 1. 



This finishes the proof of Theorem 5.1.5 when P = B 



5.3. Proof of Theorem [5.1.5 in the general case. In principle, it is not diffi- 
cult to generalize the proof given in the previous subsection to treat the case of an 
arbitrary parabolic P. However, we will present here a different argument, based on 



Theorem 5.1.3 



5.3.1. As a first step, we will exhaust the stack Bunp by open substacks which would 
be of finite type over Bun a/- This can be done as follows: 



Consider the stack Bunp and for an element 9 € A??p consider the open substack 



-<e 



Buup C Bunp that corresponds to parabolic Drinfeld's structures 

(^c.,4M/[M,M,--^i' ^eAG,pnA+) 

whose "total singularity" does not exceed 6. This means that for every A € Ag^pPiA^, 
the coherent sheaf V4 has no torsion subsheaves of length > (6, A). 



Let Bunp C Bunp denote the pre-image of Bunp C Bunp under the map tp. For 

— ' <o 

instance, when = 0, Bunp coincides with Bunp. 

— <e 

Lemma 5.3.2. For every 6, the stack Bunp is of finite type over'QnTLM- 



— — <e . I 

It is clear that Bunp = UBuup and as the assertion of Theorem 5.1.5 is local on 



Bunp, it would be sufficient to prove that MO G A?,°p, IC — <e is locally acyclic with 

'-''^ Bunp 

respect to qp. Therefore, in order not to overload the notation, we will now fix some 

— - <e 

6 and until the end of this section, we will replace the notation "Bunp " simply by 
"Bunp". The reader will readily check that this open substack is stable under all the 
manipulations that we are about to perform. 

o 

5.3.3. Let Bun^f denote the maximal open substack of Bun^/, over which ICg^^ is 



ULA with respect to qp. Due to the finite type property above (Lemma 5.3.2) and 



Theorem 5.1.3, Bun^/ is non-empty. 

Let S^M and be two F^-points of Bun a/- We will write that 3^m -< 
following condition holds: 

There exists a G-dominant coweight A G Aj^ such that the pair (9"Af,3"^/) is the image 
under the map 

— BunA// X Buum 
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of some Fg-point of 'K^j. 

Let ~ be the equivalence relation on the set of isomorphism classes of F„-points of 



Bun^f, generated by -<. Theorem 5.1.5 clearly follows from the next two assertions: 



Proposition 5.3.4. //3"a/ -< then 9"^ € Bun^/ if and only if3^M belongs to Bun^/ 
too. 

Proposition 5.3.5. All ¥q-points o/Bunjv/ are ^-equivalent. 
We will first prove Proposition 5.3.5[ 



Proof. The assertion of the proposition is in fact an easy corollary of the following fact 
proven in [|lO|] : 

Lemma 5.3.6. Let M be a semi-simple group and let 3'-^ and 3^'~ he two Ai -bundles on 
X. Then for any x € X{¥q), the restrictions 3^]^\y-x '^'^'^ ■^'j^Iy-x become isomorphic. 

Let 3'm and ff"^^ be two Fg-points of Bunj;/ and let and 3"~ denote their reduc- 
tions to M := M/Z^(M), where Z^{M) is the connected component of the identity of 
Z{M). 

The map — > A~ is surjective, therefore one can find A € and a point of 
which projects to a point (9"a//, 9"jv/) ^ Bunjvf x Bunjv/, where and S''^ have the 
same reduction to M. 

We have: = ff"^^ "SD ?'zO(M)) where 9^2° (Af) is some Z''(M)-bundle. Now the proof 
follows from the fact that A^ n A.zo(^m) spans A^o(Af) (8) Q- 

□ 

5.3.7. 



Proof, (of Proposition 5.3.4| .) 

Let us first prove the "if part of the proposition. We will fix A G A^ and let us 
denote by Z the fiber product IK^ x Bunp, where is mapped to Bun^ by means 

BuiiQ 

of the projection Hq. 

Let also ^g/^ooBunp X (resp., .re«,>iyBunp, re/,i^Bunp) denote the relative version 
of the stack a;^ooBunp (resp., x,>!/Bunp, ^^,yBunp) introduced in Sect. |4.1.l| . In other 
words, the fiber of rei,ooBunp over x (z X is a;^ooBunp and similarly for rel,>u^'^^P and 

rei,!yBunp. 



As in Sect. 4.1.4 , there exists a second projection 'Hq : Z — > .rei,ooBunp: 



rel, oo 



'Hq — 'hgXTT 

Bunp < Z > Bunp x X 



BuuG xX ^ > BuuG xX. 



GEOMETRIC EISENSTEIN SERIES 53 

Let Z C Z he the following locally closed substack: 

Z := 'hQ'^{rei,x^nnp) n 'hQ~^{rei,o'^'a.np) 

{reifl^vLUp is, according to our conventions, an open substack of Bunp x X.) 
Thus, Z classifies the data of 

z = {x,!JG,3'M,i^p,3'Q,9^'j^f,K'p, (3, (3m), 

where {x,3'g,3'm,kp) G x,oBunp, (x, 3"^, 9"^^, ^'p) e ^^oBunp, (x, Jg, S'g' /^) ^ ^G' 
{x,3^m,3^'m^ Pm) € data of [5,j3M,'^p,'ii'p are compatible in the sense that 

over X — X, P oKp = k'p o (3^- 
We have the projections 

' \ ' — w^'^ (A) 

Z re«,oBunp X :Kj\/ and Z re«,oBunp x " ' 

Bunjvi xX Bunjvf xX 

that send a point z € Z as above to 

{{x,3'g,3'm,kp),3''m,Pm) and ((x, 9"m' ^p)' ^"m, /^m )> 

respectively. 

If follows from Sect. 4.3.6 that the first of the above projections is smooth, since the 
map tp : SpRGr^. — > Gr^^ is smooth and that the second projection is an isomorphism, 

since the map t^'^^) : S^^'^'^ fl Gr^-'^^^ ^ Grlf^'^ is an isomorphism. 

Let us denote by fi and ip2 the maps Z Bun^ that send z G Z as above to 3'm 

o o 

and respectively. Let Z be the preimage of Buum under ipi. 

o 

Lemma 5.3.8. ICo is ULA with respect to (p2 '■ Z ^ Buum- 

z 



Proof. According to Property 2 of Sect. 5.1.2, ICo is ULA with respect to the map 

o 

Z r-e«,oBunp X Jij^^j "^M- 
Burijvf xX 

o fi—^ 

Now, ip2 is the composition Z — > Bun^^ and the assertion follows from 

Property 6 of Sect. ^.1.2 . 

□ 

Consider the map 

O —'h-^XTT 

Z ^ Z — > j.e«,oBunp — > Bunp. 

It is smooth and its composition with qp : Bunp Bun^f equals 992- Therefore, in 
order to prove that ICg^^ is ULA with respect to qp in a neighbourhood of G 

BunAf(Fg), it is enough to show that the preimage qp^(3"^j) C Bunp(Fq) is contained 

O . 

in the image of Z in Bunp under the above map. 

Thus, let (y^,:J^,{K'p^ : {V^^^^)^,^ ^ Vj^J) be a F^-point of qp^(:T;^). As the 

map "Kpj Buum xX is smooth and, in particular, open, the fact that 3"^/ -< 3"^^ 

o 

for some 3^m S BunAf(Fg), implies that there exists a triple {3''^,x, (3m) such that 
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b) The embeddings H'p^ : (V^^^-P))^-/ ^ V^^ have no zero at x. 

c) G BunA/(IV). 

But this exactly means that the point 

(X, 3-^, ^'m,Kp, JX/, /5m ) e rel,0B^np X IK^^"^^^ ^ Z 

o 

belongs to Z. 



The "only if part of Proposition 5.3.4 follows from similar considerations by inter- 
changing right and left. 

□ 

6. The structure of Drinfeld's compactifications 
6.1. Stratifications-I. 

6.1.1. Consider the set Sym°°(A) whose elements are finite unordered collections of 
elements of A with possible repetitions. For 

A = {Ai^.^.^i, ...,Afc,.^.,Afc} G Sym°°(A), 

Til times rife times 

we define the corresponding partially symmetrized power of X with all the diagonals 
removed as _ 

:= X ... X X^"*^) - A. 

To a point x G X^, where x = xi^i, , X2,i, x^^^^ we will attach a A-valued 
divisor X-x equal to S Aj • Xij. We will denote by |A| the element of A equal to S nj • Aj. 
Let A belong to Sym°° ( A^°^ — 0) . Consider the map 



jj : Buns xX'^ Bun^, 

which sends a point {!Igt^t,h) x x to {3'g,3't, i^'), where 3"^ := 3"t(— A • x) and k' 
corresponds to the composition: 

p A p A ^ 

Proposition 6.1.2. For A G Sym°°(A^°'^ — 0), the map jj a locally closed embedding. 

Proof. The fact that jj is representable is evident, since both the source and the target 
are representable over Bunc. 

Hence, for an S'-point of Bun^, its preimage under jj is a set, rather than a category, 
and to prove that jj is a locally closed embedding, one has to show that this set consists 
of at most one element. The latter is, however, obvious from the definitions. 

□ 



Let yBun^ denote the locally closed substack of Bun^ equal to the image of jj. For 
a fixed point x G X'^, let -^Bun^ denote the image of Bun^ xx under jj. 



Therefore, by combining the above proposition with Proposition 1.2.5 we obtain: 
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Proposition 6.1.3. The locally closed substacks jButib form a stratification of Buns 



as A runs over Sym°° ( A^"*^ — 0). 



6.1.4. Now let us give a proof of Proposition 1.2.3 which was announced in Sect. |1.2.1 



For that end we need to introduce one more piece of notation. For A G Sym°°(A^), let 
"Kq denote the relative version of the Hecke stack: 

By definition, "Kq is endowed with a map n : and its fiber over X = 

xi^i, ...,xi^ni,X2,i, ...,Xk,nu is stack of triples 9"^, where 3^g and are G- 
bundles on X and /? is an identification between them on X — {x} such that 9"^ is in 
position Aj with respect to J'g at Xjj. 

Let Hq and be the projections "Kq — > Bunc that send (x, z^) *o '■^G and 

respectively. We wih denote by x'^ic the fiber of "Kq over x E X^. 
In a similar way we define the stacks and x'^^^- 



Proof, (of Proposition 1.2.3 ) 

Let (J'gjS^Tj'^) be an F^-point of Bun^. To prove the proposition, it is enough to 
construct an irreducible stack Z with a map : Z — > Bun^ such that 
(a) lm.{(j)) n Bun^ is non-empty. 
(h) (Jc^^T./^) Glm((/.). 

Let xi, ...Xn be the set of points where 9't, has singularities and let i^i, Vn G 
A^°^ be the corresponding defects. Let us choose elements Ai, An G A^ in such a way 
that the weight spaces T^^'(wo(Aj)+fi) are nonzero. The collection {(xi, Ai)..., (x^, A^)} 
corresponds to a unique A G Sym°°(A^) and x G X^. 

We define Z' as a fiber product Z' := x'^g x Bun^, where x^^g niapped to 

BuriQ 

Bunc by means of Hq. 

The stack Z' splits into connected components (which are in a bijection with the 
connected components of Bun^, and hence of Buny) and we take Z to be the connected 
component of Z' corresponding to the coweight deg(J'T) — wo(|A|). 

We define the map cj) : Z' ^ Bun^ as in Sect. |3.1.1| . Now, it follows from Lemma 3.3.(: 
that Z satisfies conditions (a) and (b) above. 

□ 

6.1.5. For an element A G A^"*^ let us consider the following (semi-simple) complex 
over Spec(Fq): 

KostA := e (07(1) [2])^^"^% 

A=S ma -a, aG A+ 

where the sum is taken over all the possible ways to represent A as a sum of positive 
coroots with non- negative coefficients. (This is a geometric counterpart of the g-analog 
of Kostant's partition function (cf. pO]).) 



Theorem 6.1.6. For A = {Ai, Ai, A^, A^} G Sym°°(AP°'' -0), the complex 

rti times Uf^ times 

jjO-^B^B ) isomorphic to (ICBunij ^Q^x^) .^'^ ^ost^"' . 
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This result (along with its generalization, Theorem 6.2.9) will be proven in a subse- 
quent publication. Now, let us show how Theorem S.1.6 implies Theorem 2.2.11| (and 
hence Theorem p.2.12| ) : 

Proof, (of Theorem p.2.11| ) 

For every collection of non-negative integers {rUa}, a € A"*", consider the correspond- 
ing map 

Theorem |6.1.6 implies that the function on BunB(Fq) corresponding to the sheaf 
q'*(Aut^.) equals 

S i|^^}!(Funct(q'*(Aut^:^'""-"))K U Funct((i?|)(-") ® Q7(m,))). 

{rria} ^ a€A+ 

By summing up along the fibers of the projection p, we derive the formula of Theo- 
rem |2]2?Tl]. 

□ 

6.2. Stratifications-II. 

6.2.1. Let us generalize the above discussion to the case of a parabolic subgroup P. 
Conisider the set Sym°°(Ag°p — 0) and for every element 6 = {6i, ...,9i, ...,6k, ...jOk} 

ni times rif; times 

in it, consider the corresponding variety = X^^^^ x ... x X^"*-') — A 
As in Sect. |6.1.1| , we have the natural locally closed embeddings 



jg : Bunp xX ^ Bunp, 

and for a fixed 9 E Sym°°(Ag'p — 0) (resp., x G X^) we will denote by ^ Bunp (resp., 

-gBunp) the corresponding stratum (resp., locally closed subset) of Bunp. 

Thus, for 9 and x as above we obtain the locally closed substacks rp^(gBunp) and 

rp^(-gBunp) of Bunp. However, it will not be true that ICg^^ is smooth when 

restricted to the strata of the form rp^(gBunp). Our next goal is to define a suitable 
refinement of this stratification. 

6.2.2. Consider the affine Grassmannian of the group M and let Gr^^j C Gr^f be a 
closed subscheme definied by the following condition: 
£ Gr^j if for every G-module V, the map 

is regular on Dx. 

It is clear from the definition, that Grjj is stable under the M(Oj:)-action on Gvm- 

Proposition 6.2.3. For an M co-weight v G the following conditions are equiva- 
lent: 

(a) Gr^^ C Gr^^. 

(b) w5'^(^)GAP°^ 
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Proof. Assume that Gr^ C Gr^. In particular, the corresponding point 3^m '■= t% G 
M{'^x)/M{Ox) = Gvm belongs to Gr^. By definition, we must have that for A G A^ 
the map 

is regular on D^^, which implies that (z^,w^(A)) > 0. The latter inequality means 
exactly that w^(i/) G A^°''. 

Conversely, let us assume that {u) G A^°^. Let U be an M-module of the form 
V^(^), where V is a G-module. Without restricting the generality, we way assume that 
the weights of V are < A for some A G Ai. Then the weights of U are < A. Hence, by 

M 

definition, S^m G Gr^ means that 
However, (wq^(i/),A) > 0, by assumption. 

□ 

In what follows we will denote by A^ q C A'^ the above sub-semigroup, i.e. A'^ q = 
AIj n w^(AP°''). For example, for M = T, A+q = Ag'^ In general, the projection 
A Ag,p sends A^^ to Ag'p. 

Let now be an element of A^^p. We define the element \){9) G A^^, as follows: 

By definition, 9 is the projection under A — > Aq^p of some S hi ■ ai. We set 

i£3— 3m 

b(^) = w^( S hi ■ ai). It belongs to w^(A^°^) by construction, and to A^, because 

every a^, i ^ Jm is M-antidominant. 

For 9 as above let Gr^ denote the corresponding connected component of Gim- Set 
Gr^^ •= Gr^ n Gr^j. 

From the above proposition it follows that b(^) is the maximal element in the set of 
V G A^ such that Gr^^ C Grj^ nGr^. Hence, we obtain: 

(6) (G 

)red — (Grj^^ )re(i) ■ 

where the subscript "red" means "the corresponding reduced scheme" . 

6.2.4. Fix 9 = {gi,.^,^!, ..., 6'fc,.^.,6'fc } G Sym°°(Ag^p - 0). Let us denote by "Klf a 

ni times rife times 

version of the Hccke stack, which is fibered over with the fiber over a point x G 
given by 

rik being the product 

BunM BunM 
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Proposition 6.2.5. There is a canonical isomorphism "K^J x Bunp ~ r~ (g-Bunp) 

Bunjvf 

that fits into the commutative diagram 

Bunp X — '^—>- rp^(^Bunp) 

BunM 



Bunp xX^ > ^Bunp, 

where we have used the projection h^ : "K^ BunM to define the fiber product. 
Proof. Let {x,9^p,3^'j^, Pm) be a point of Bunp x Jt^^, where J'p is a P-bundle on 

BunM 

X and /3m is an isomorphism between 3~m := U{P)\3'p and 3"^ defined outside of 
{x} C X. 

We attach to it a point of rp^(^Bunp) as follows: 

p 

The corresponding G-bundlc is induced from 3"p, i.e. 3^g •= -^P >^ G and the corre- 
sponding M-bundle is Now, the data of K,'p^ : (V'^^^^)^^^ V^^ is obtained as a 
composition 

Conversely, let (S^^, J'^^, Kp) be an (S')-point of rp^(gBunp). Let (x, 9"p) be the 

corresponding point of Bunp xX^, in particular, let S^m be the corresponding M- 
bundle. By definition, S^m and are identified outside x. 
By assumption, for each G-module V, we have the embedding: 

and the maximal embedding 

Hence, the (a priori) meromorphic map map (V^^^^)^-/ — > (V^^^^)g^j^^ is regular. 

□ 

6.2.6. If V is an element of Sym°°(A^g — 0), we obtain a locally closed embedding 

: Bunp X CKm ^ Bunp. 

BunM 

Its image will be denoted by uBunp, and for x G X'^ we let ^.i/Bunp denote the 
corresponding closed substack of 17 Bunp. 

Thus, we see that the defect of a point (9'G,3^'f^,Tip) € Bunp(Fg) at a point of X 
where it has a singularity is naturally an element of A^^. However, unlike the case of 

Bun^ and Bunp, fixing the locus of singularities of an enhanced parabolic Drinfeld's 
structure, together with the defects and the saturated P-bundle, does not determine 
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the corresponding point of Bunp uniquely: we have the remaining freedom of choosing 
a point in the product of the corresponding Gicj^ 's. 



At this point we are ready to give a proof of Proposition 1.3.7 



Proof, (of Proposition 1.3.7) 



As we have seen above, the fibers of the map xp : Bunp Bunp are never empty. 
Therefore, it is enough to prove that Bunp is dense in Bunp. Let (J'gjS^MjKp) be an 
Fg-point of Bunp. 



As in the case of Proposition 1.2.3, it is enough to construct an irreducible stack 
Z with a map : Z — > Bunp, whose image contains {3'g,3^m,^p) and such that 
lm(0) n Bunp / 0. 

To simplify the notation, we will assume that 3^Mi^p) has a singularity only at 
one point, call it x. Let the defect be z/ G ^~1-[g- have: {3^g,3^m,k.p) C ^.'.i^Bunp, 
in the terminology of Sect. |4.2.1j . 

Let A G A+ be such that: (a) (wo(A), di) = for i G 3m; (b) H omj^-^(?7'^°(^)+'^, V^) ^ 
0. It is easy to see that such A indeed exists (cf. Lemma p. 2. 81 ). Note that condition 
(a) means that wo(A) lies in the group of cocharacters of Z'^{M). 

Set Z' := ^ Bunp, where x'^g mapped to Bunc by means of h^. We 

BuriG 

define the map : Z' ^ Bunp as follows: 

For a point (3"g, /3, 3"^, , Kp) G Z', the resulting G-bundle is Igi the M-bundle is 
•^'m ® '^o(7v/)(wo(A) • x) and the new Kp are obtained from Kp as in Sect. ^.1.1| . 

We define Z as the preimage in Z' of the appropriate connected component of Bunp. 



The fact that Z satisfies the required properties follows from Sect. 4.3.6. 



□ 

6.2.7. Here we will describe the behaviour of ICg^^^ along the strata ijBunp intro- 
duced above. 



Recall (cf. Theorem 3.2.8| ) that to every representaion U of the group M we can 
attach in a canonical way a M(Oa,)-equivariant perverse sheaf F^j {U) on the affine 
Grassmannian GrAf . For 9 G Ag'p we introduce the following semi-simple complex on 

Gxm- 

Kostf := e FA'/(Sym^(up)e)®Q£(i)[2i], 

where up denotes the unipotent radical of the corresponding parabolic in G and where 
for an M-representation [/, Uq denotes its piece on which Z(M) acts by the character 



Lemma 6.2.8. For an M-dominant coweight u, Homj^^([/'^, Sym*(up)g) ^ if and 



only if V ^ At, ^ . Moreover, the above space is non-zero only for finitely many integers 



I. 



Therefore, Kostg is supported on Gr^ C Gr^^ . Analogously, for 9 G Sym°°(A^°p- 

M ■ 



0) we define the semi-simple complex Kost^ on !K 
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Theorem 6.2.9. Under the identification 



Bunp X "Ktr 



Bun 11 



the sheaf IC 



Bunp Ifl-Bunp 



goes over to ICb 



unp 



IKostI'. 



This theorem will be neither used nor proven in this paper (the proof will appear in 
0). For our purposes the following weaker result will be sufficient: 

Theorem 6.2.10. For fixed V G Sym°°(A^^g — 0) and x € X'^ , the ^-restriction of 
IC 



Bunf 



to Bunp is locally constant. 



The proof will occupy the next subsection. The reader will notice that it is very 



similar to the proof of Theorem 5.1.5 



6.3. Proof of Theorem |6.2.10 . 

6.3.1. Consider the fiber product Z = y'K'Q x Bunp, where y is a point in X — {x}, 

Bung 

A is some element of and the fibered product is formed using the projection : 

As before, there is a projection '/i^ : Z y^ooBunp and we will denote by Z the 
locally closed substack of Z defined as 

Z := 'hQ^^{y^x^unp) n '/i^ "^(y.oBunp). 



According to Sect. 4.2.1 , there is an isomorphism y^^Bunp ~ ^^^oBunp x y'^M- 

Bunjvf 



Hence we obtain a commutative diagram: 

j^,oBunp ^ — Z 



■ oBunp 



BUUM, 



where both upper horizontal arrows are smooth. Moreover, the preimages of j^j^Bunp 
in Z under the maps (p and (p^ coincide. 

Consider two Fg-points of the stack ^^xjBunp. Using Proposition 5.2.5 , they can be 
represented by two triples (9'p, 9"^^, /?) and {3'p,3'\/ , (3^), where P is an isomorphism 
3^m\x-{x} ~^ ^'m\x-{x} (here 3'm is the M-bundle induced from 3'p), such that at 
every Xij, 9"^^ is in position Ui with respect to J'm; and similarly for 

We win write that (Jp,3"^,/5) >- (Jj^, g^j^^', if there exist y € X - {x}, A G A^t 
and z G Z as above such that (9"p,?'^,/3) = ip{z), {3^p,3^\j' , f3^) = (p^{z). Consider the 
equivalence relation ~ on the set of Fg-points of ^^xjBunp generated by y. 

We will deduce the assertion of Theorem 3.2. 10 from the following proposition: 

Proposition 6.3.2. AllYg-points o/^.-pBunp are ^-equivalent. 
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Proof. Set M := M/Z^{M) and for a an M-bundle, we will denote by a subscript M 
the corresponding induced M-bundle. 

Step 1. Let (3"p, 3"^j, /?) and {3^p,3^\/ , (3-^) be two F^-points of ^^ijBunp. First we will 
show that (9"p, 3"j^', /3^) is ~-equivalent to another Fg-point {3^,3^/ , P'^), such that 
~ 9"— and the induced isomorphism 

3'm'\x~{x} ^ 3'~'\x-{x} 

is regular on the whole of X. 

Pick y ^ {x}. As M is semi-simple, the M-bundles and 9"— are isomorphic over 
X — y (cf. Lemma 5.3.6D . Moreover, since X — y is affine, the group of automorphisms 
of 3'^ over X — y is dense in II G{(Dxi j){^q)- Therefore, since at every Xij the relative 

position of with respect to 3^m is the same as the relative position of 3^\j with 
respect to 3^\.j, the above isomorphism 3^^\x-y — >■ 3^~\x-y can be chosen in such a 

way that the isomorphism between 3'j^'\x-{x,y} ^i^d 3'~j'\x-{x,y} is regular on X — y. 

Consider the corresponding point {3^mi3^j^j^ P]^) ^ V'^'ii' ^ ^ such that 

it projects onto i' under A A~ and consider the corresponding stack Z. The com- 
position 

Z y^Klj X „,oBunp ~ y:K~ x „,oBunp 

BunM Bun- 
is surjective and let z ^ Z be such that under the above composition it maps to the 
point 

We define (3"|,, /J^) as the image of z in under the projection (p. By construction, 
it satisfies the required condition. 

Step 2. Using the assertion of Step 1, we can assume that there exists an isomorphism 
IFr; — > which gives rise to an isomorphism If— 9"— . 

For a A20(Af) "divisor D and an M-bundle I^a^, let 3^m{D) denote the new M-bundle 

It is clear that we can choose KzO(^m) ^ A^- valued divisors D and Di on X — {x}, 
so that there exists an isomorphism 3^m{D) — 3^\,i{Di). In this case, the identification 
'3^'m{^)\x-{x} — 3"if'(^i)lx-{z} is automatically regular on the whole of X. 

Therefore, by arguing as above, we can replace our two points (9"p, /3) and 
(IJ'p, /3i) by '^-equivalent points (we will abuse the notation and denote the latter 
by the same characters) such that there exists an isomorphism 3^m 9"!/) for which 
the induced meromorphic map S^^^lx-jx} ~^ "^Xi \x-{x} is a global isomorphism. 

Moreover, by replacing D and Dihy D + D' and Di + D', where D' & ^zO(m) ^ 
is sufficiently large, we can ensure that the cohomology 

(7) H\X,U:^J=0, 



62 A. BRAVERMAN AND D. GAITSGORY 

for all irreducible M-modules U which appear in the Jordan-Holder series of the Lie 
algebra u(P), viewed as a P-module via the adjoint action. 

However, (^) implies that any two P-bundles, whose reductions modulo U {P) are iso- 
morphic to 3"m, are necessarily isomorphic. This implies that our two points (9^p, 3''^j,(3) 
and (3"p, are isomorphic and, in particular, ~-equivalent. 

□ 

6.3.3. Now let us prove Theorem |6.2.10| : 

Proof. Let (9"p, 9"^/ , /?) and {3^\,,3^\[\ (3^) be two Fg-points of ^^-pBunp. Let us denote 
by i : Spec(Fg) ^^-pBunp (resp., li) the corresponding map. Consider the complexes 

("'^^Bunp 1^,77 Bunp)) ''I (^^Bmip 1^,77 Bunp ) i (ICg^^ |_ _ Bunp ) > '-1 ' (ICg^^ |_ _Bunp) 

over Spec(Fg). We will normalize (by making a cohomological shift and Tate's twist) 
in such a way that their highest (resp., lowest) cohomology is in degree 0. 

To prove the theorem, it is enough to show that for any (9"p, 3'm, and (3~p, 3'\.j , (3^) 
as above, 

''*^^^B^np I^T.-Bunp) — |__Bunp) 



(''■^Bunp \x,i7Bunp) — ^1 (ICg^^ |__Bunp) 



Using Proposition |6.3.2| , we can assume that (Jp, j;^,/3) y and let 

Lz ■ Spec(Fq) —^Zhea point such that if o = l, cp^ o = I'l- Let xj^Z denote the 
(common) preimage of ^^^Bunp in Z under or 99^. 

Since both maps ip and ipi are smooth we have: 

^*(ICg^np l-.T7Bunp) ^ CilCz |^,^z) ^ ^l*{'^C^np 1^,-Bunp) and 
^'(^^STnp l-.-Bunp) - |^,-z) - '^lO'^B^np l-,-Bunp), 

where /-*(?) and ^^(T) are also normalized in the above way. 
This proves our assertion. 

□ 



Proposition |6.3.2| implies also the following strengthening of Theorem |6.2.10 



Corollary 6.3.4. Let K he an irreducible subquotient of an i-th perverse cohomology 
s/iea/ /i* (ICg^^ l-Bunp)- Then K is constant along the fibers of the projection -jjBunp 

Proof. It is enough to prove that for each x E X'^, every irreducible subquotient of 
/i*(ICg^^ |__Bunp) is a constant sheaf on ^^xjBunp. Therefore, it suffices to show that 
Funct(/i*(ICg^ |__Bunp)) is a constant function on ^^j7Bunp(Fg/) for all Fg/ D Fg. 

For that purpose, consider two points l' , t'l : Spec(Fg/) ^^-pBunp and for an exten- 
sion Fg" D Fg/, let l" and l'I denote the corresponding Fg"-points of ^^ijBunp. 

As in the above proof of Theorem 6.2.10 , we infer from Proposition 6.3.2| that when 
Fg/' is sufficiently large, the sheaves 

t"*{h'{lC^^^ I...Bunp)) and L'l*{h\lC^ U.Bunp)) 
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over Spec(Fg/') are isomorphic. 

Since this is true for infinitely many g", we obtain that 

which is what we had to prove. 

□ 



6.4. "Good" perverse sheaves and Theorem 2.3.4. 



6.4.1. In this subsection our goal is to prove Theorem 2.3.4 , which was announced in 
Sect. 2^. We shall start with the following general observation: 

Proposition 6.4.2. For S G Bunc and Hq as in Sect. 2.1.4 , the sheaf Hq{S) on 
Buug xX is ULA with respect to the projection Bunc xX ^ X . 

Proof. We have: 

H^{§) := {h^ X vr),(/iG*(S) ® IC^O ® (Q^(^)[l])-''""('''^'^^^ 

As the projection /i^ x tt : IK'^ Bunc xX is proper, it follows from Property 3 of 
Sect. 5.1.2 that it is enough to show that the sheaf /ig *(S) (g)IC^A on "Kq is ULA with 

repect to the projection tt : "Kq X. 

However, since :Kg BuugxX is a fibration (locally trivial in the smooth topol- 



ogy), the needed assertion follows from Property 1 of Sect. |5.1.2 



□ 

In the same way as above, it is easy to prove that for any S G Sh(BunG') and a 
sequence Ai, A„ of elements of A^, the sheaf 

{H^" M id"-l) O ... O ^ Q 

on Bun^ xX^ is ULA with respect to the projection Bunc xX" Bun^. 

Now let A be an element of Sym°°(A^ — 0) equal to {Ai, Ai, A^, A^}. Set 

ni times nj. times 

N ='Eni and consider the functor Hq : Sh(BunG') — > Sh(BunG xX^) given by 

§ ^ {h^ X tt)i o h^*{§)[{\X\,2p) + N], 
defined using the stack "Kq. 

O — 

Proposition 6.4.3. Let § be a "good" perverse sheaf on Bunc. Then Hq{S) lies in 
cohomological degrees < and is ULA with respect to the projection Sh(BunG' xX^) — > 
X^. 

Proof. Let A be equal to {Ai, Ai, A^, A^}. Consider the non-symmetrized Hecke 

ni times rij; times 

stack defined as := 'x'^ x_'K^, where 'x'^ := x ... x X"" - A. 
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Let , 'Hq and 'vr denote the projections from "Kq to Bunc and 'X^, respectively. 

The map 'X"^ — > X"^ is an etale covering. Therefore, it is enough to show that the 
complex 

'H^iS) := {'ho X '^)! °'/iG*(S)[(l^l>2p) + A^] G Sh(BunG x'X^) 



lives in non-positive cohomological degrees and is ULA with respect to the projection 
Bunc x'X^^ 'X^. _ 

Observe that the sheaf Q^q^a[(A, 2p)] on the affine Grassmannian is an extention of 

sheaves of the form Aq [m], X' < X, m > 0. Hence, the complex 'ff^(8) is an extention 

of complexes of the form {Hq^ M id^~^) o ... o {H^ M id) o Hq (S) [m] for finitely many 
values of A'^, and m > 0. 

This proves the required assertion in view of the definition of "good" ' perverse sheaves 



and the above Proposition 6.4.2. 



□ 



6.4.4. Now we can prove Theorem 2.3.4 



Proof. It is clear that if S is a "good" perverse sheaf on Bunj\//, then so is B(S). 
Therefore, to prove the theorem we have to show that the restriction of tpi o qp(S) 
to Bunp — Bunp lives in negative cohomological degrees if S is "good" . In other words, 
we must show that for every V G Sym°°(A|^^(^ — 0), the sheaf 

lives in negative cohomological degrees. 

For V as above, let 6 be the corresponding element of Sym°°(A^°p — 0). The map 

° ju '■ fBuup ~ Bunp X 'K'^j ^ Bunp is the long vertical map in the diagram 

BunM 

Bunp X JVlj > "KIj BuuM 

BuiiA/ 



BunpxX'^ BuuAf xAT'^ 

id X sym 

Bunp xX^, 

where the map X'^ — > X^ is a finite (symmetrization) map. Moreover, the long hori- 
zontal map in this diagram is nothing but qp o j-jj. 

Let K be an irreducible subquotient of l^jBunp) for some i G N (of course, 



i < 0). Corollary 6.3.4 implies that every such iiT is a pull-back of K'[N' + (|I7|, 2/5^/)], 
where K' is a perverse sheaf on X'^ and N' is the dimension of the corresponding 
connected component of Bunp. 
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By applying the projection formula, we obtain that tpi oj^! o j^oqp(S) is an extention 
of sheaves of the form 



(id X sym): o (qp x id)*((Q^B 



unjv/ 



K') O Hl^{§))[-N + N'- dim(BunM) + i], 



where is as in Proposition 6.4.3 above and i > 0. 



Therefore, it suffices to show that 



unAf 



K') ^ H'^{§)[—N] lives in non-positive 



cohomological degrees. However, this follows immediately from Proposition 6.4.3| and 
Property 5 of Sect. f>.1.2 . 



□ 



7. The Functional equation 



7.1. Theorem 7.1.6. In this subsection we will formulate and prove Theorem l.l.t 
which is one of the main results of this paper. 

7.1.1. Let us consider the following stack 



Bunp^P := Bunp x Buub^m), 
BuiiM 

where B{M) is the Borel subgroup of the group M: 



Bunp^P 
p'm 
Bunp 



Bun 



B{M) 

Pm 
Buum 



and let C(ICg^^^,ICg^^^^^^) denote the object 



:Q£(-)[1])®"'^™^^"°"^ G Sh(Bunp,p). 



Theorem 7.1.2. There s/iea/ C(ICg^^, ICg^^^^^^ is canonically isomorphic to the 

intersection cohomology sheaf of Buub^p- 

Proof. Consider the following general set-up: 

Let / : Yi — > ^2 be a map of algebraic stacks with I2 smooth. Let j : Yj' ^ Yi be 
an open substack such that the map f o j : Y^ ^ I2 is smooth as well. Assume, in 
addition, that the sheaves ICy^ and j!(ICyo) are ULA with respect to the map /. 

Now let I3 be another algebraic stack mapping to Y2. Let Y' be the Cartesian 
product: 

/' 



Y' 



Y3 



Yi 



Y2. 
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Lemma 7.1.3. In the above situation 

The proof of this lemma follows immediately from the definition of the ULA property 



(cf. proof of Theorem 2.3.2 in Sect. 5.1.4). 



We apply this lemma in the situation when I2 := BunA/, Yi := Bunp, I3 := Bun^(A^) 
and the assertion of our theorem follows from Theorem 5.1.5 . 

□ 

7.1.4. Observe that Bunp x Bunp^^/) is contained in Bunp p as an open substack. 

BunAf 

There is a natural identification Bunp x Bunp^j^j) ~ Bunp and the next proposition 

Bunjvf 

says that the map in one direction extends to the whole of Bunp^p: 



Proposition 7.1.5. There exists a natural map ip : Bunp^p Bunp, which is repre- 
sentable and proper. 

Proof. A point of the stack Bunp^p is by definition a triple of bundles (3"g, 9^m, 9"t) 
plus a collection of embeddings 

~v . ^^^U{P)y^^ ^ g^^j G-modules V, 

which satisfy the Pliicker relations. 

We set: tp{3^G,3'M,3^T,Kp, km) = (9"G) 3"t, z^), where for A E A^, the map is the 
composition: 

^ 4„ - ((V^)^(^)):rM ^ 4,- 

□ 

Theorem 7.1.6. «p,(e(IC^ ,ICr— )) ^ ICr— . 

• ^ ^ Bunp' tiung(J^,Jy' Bung 

The rest of this subsection will be devoted to the proof of this theorem. 



7.1.7. It is obvious that over Bunp C Bunp, the sheaves ^P!(S(ICg^^, ICg^^^^^^) 
and ICg^^ coincide. Since the map tp is proper, it follows from Theorem [7.1.2| that 
in order to prove Theorem \I.l.t , it suffices to check that the ^-restriction of the sheaf 



tp!(S(ICg^^, ICg^^^^^p) to Bunp — Bunp lives in negative cohomological degrees. 

Consider the set Sym°°((A^°^ x A.'^j q) — 0), whose elements we will symbolically 
denote by each being of the form 

{(/il X Ui), (^1 X Ui), {flk X ^k), ifJ-k X i^fc)}, 

V ' V ' 

ni times ni^ times 

where in every pair (fii x fj) one of the elements is non-zero. We set {jt^l := S nj • 

i=l,...,k 

{ui - Hi) G A. 
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Let X^'*^ be the corresponding partially symmetrized power of X and let ^K^^'^ 



X^''^ be the appropriate version of the Hecke stack. The constructions of Sect. |6.l| and 
Sect. 6.2 yield naturally defined maps: 



'BvinB(M) ^X^''^ —I- Bun^^j^,^) and Bunp x Buup, 

each being a composition of a smooth map followed by a locally closed embedding. 
(The smooth part appears due to the fact that some of the /ij's and t'j's may vanish 
or coincide.) We will denote their images by jj:^BunB(^M) and p^Bunp, respectively. 
Finally, we will denote by p^Bunp p the intersection 

pM^^l/v^Bunp) n qp"^(p;i7BunB(^/)) C Bunp^p. 
By definition, jruBunp p is the image of a locally closed embedding 



Bunp X X BunB(M) "-^ Bunp^p, 

BunM BuiiAf 

where the fiber product is formed using the map {h*j^^ x /i^) : 'K'^^'^ Butim x Buum- 
Now, for A E A^°'', let Bunp be the locally closed substack of Bunp defined as a 
union of all i^Bunp with |A| = A. For JT^ as above, we set p^.A Bunp^p to be the 

intersection ^Bunp p ntp^(Bunp). 

To prove Theorem 7.1.6| , it suffices to check the following: 

Proposition 7.1.8. ForJT^ and A as above the following holds: 

(a) The ^-restriction o/C(ICg^^,ICg^^ ) to p;i7,ABunp^p lives in the cohomological 

degrees strictly smaller than —(A + pm) ■ 



(b) The fibers of the maplp : ^^^Bunp^p — s- ;^Bunp are of dimension < {\+\p,u\, pm) ■ 

7.1.9. Proof of Proposition 7.1.8^ . For Ji^ as above set N = YiUi and consider the 
corresponding symmetrization map X^ — A ~ 'X^'^ — > X^'^ . We will introduce an 
order in our J^V and write it as (/ii, z^i), (^j, i/j), (/^at, i^at). Let "K^ be the 
corresponding desymmetrized Hecke stack, i.e. its fiber over {xi, ...,xn) G 'X'^''^ is 
the fiber product of aj^.JC^^, j = 1,...,N over Bun^-, with respect to the projections 

• Xj-^'ai ~^ BunM- 

For a collection of elements Ai, ■■■,Xn of Aq let Z^^3}'{'^j}'{^3} denote the following 
locally closed substack of Bunp x '^'^f x Bunp(j\,/): 

Bun]\f BuiiM 

A point {{xi,...,XN),3'p,3"jyj,^M,3"T,K'M) belongs to Z^^'^'t'^''^'t'^^^'t if for every j and 
for every A € A^, the composition 

p A "^m'^ arA f^M, irA 

has a zero of order {Xj — pj, A) at xj. 



It is clear that the preimage of Buup under 

Bunp X '^K'^'l' X Bunp(Af) j^jBunp^p Bunp 

Bunjv/ Bunjv/ 
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is exactly the union of those Z^^^^'^'^^^'^'^'^^^s for which SAj = A. 

Theorem 6.2.10 implies that the *-restriction of C(ICg^^^, ICjj^^^^^ ) to ^Bun^ p 

is smooth along the fibers of the projection ^Bun^.p X^'^ . Therefore, to prove 
point (a) of the proposition, it suffices to show that for any (xi, xat) G — A, the 



codimension of (Bunp x IIx IK 



X 



Bunp X Tixj'yiM 

BunAf Bun A/ 



BuriA/ BuiiA/ 

X BunB(jv/) is > (A + 1/1777 [, pj^,/). 



BunB(A/)) n Z^^^>''t'"^^''t^^^ inside the stack 



However, as in Sect. 3.3.7 we obtain that the latter codimension equals 



S codim(Sjf^ n Gr 



,Gr 



M 



(cf. Sect. 3.2.5) which is greater or equal than S {uj + Xj — fij, pm) = (A + u\, pm)- 



Now let us prove point (b) of the proposition. To obtain the desired estimate on 
the dimension, it suffices to analyze the fibers of the map from Z^f^^^^"^^'^^^^ to Bunp. 
Note, that if ^i^ii'l'^il'l'^i} is non-empty, then none of the Aj's can be zero. Let us 
denote by A the element of Sym°°(A^°^ — 0) corresponding to the collection Ai, Aat. 

We have a natural map of stacks: 



: ^{m.},{'^.},{a,} ^ - A) X Bunp 
that sends 



Bun 



Bun A 



B{M) 



{X^^ - A) X Bunp, 



((2:1, 



where 9"^ = (Aj — Pj) • Xj) and is the unique map that makes the square 



3^' 



3^" 



commute for each A G A^. 



Now, the map Z^^^^'^'^^^'^'^^^ — > Bunp is a composition of the above map (j) followed 

by 

{X^ - A) X Bunp ^ ali^p ^ x Bunp ^ B^J^p. 

Since the map {X^ — A) ^ is etale and is a locally closed embedding, it 
suffices to analyze the fibers of (j). However, as in Sect. 3.3.7| , we obtain that they 



are isomorphic to H (Gr v'j nS"^^ 



dimension \s <T, {uj + Xj — Pj, pm) 



and from Proposition |3.2.6| we obtain that their 
= (A + [p^l, Pm), which is what we had to prove. 



7.2. Composing Eisenstein series. 
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7.2.1. At this point we are ready to prove the first part of Theorem 2.3.1C, i.e. the 
existence of the isomorphism of functors: Eis^ ~ Eis^j oEis^^^: 

Proof. By definition, for S € Sh(Bunr), 

which, according to the projection formula, can be rewritten as 

(8) (PP o p'M)!((qM o qp)*(S) ® e(ICg^^^,IC5^^^^^p) ® (Q^(^)[l])«-^'-(^--). 

However, the maps pp o pj\/ and p o rp from BunB,p to Bunc coincide and so do the 
maps qj^.f o q'p and q o tp from Bun^^p to Bun^. Hence, (§) can be identified, using 
once again the projection formula, with 

p,(r(S) ® rp,(e(ICg^^^,ICB^^^^^^))) ® (Q7(^)[l])^-""^(^^^'^-), 
which, by Theorem 7.1.6| is the same as 

p!(q*(s) ® iCb^J ® ^ Eis^(s). 

□ 

7.2.2. Now, we need to show that the constructed above isomorphism of functors 
Eis^ ~ Eis^j oEis^i^ is compatible with the action of Hecke functors. We will consider 
the local Hecke functors, i.e. xHg, xHm and xHt, where x is some fixed point of X. 

Consider the fiber product 



jBunp^P := i^^ooBunp x a;^ooBunp(jvi-), 
Buhm 



and for Ti G Sh(^^ooBunp), 'J2 G Sh(a;^ooBun^(-^,f)) we set 

e(Ti,T2) := Pm*(^i) ® qp*(^2) ® (Q^(^)[l])^-'i*"^(^'^"^^) G Sh(,,ooB;inp,p). 

Proposition 7.2.3. For S G Sph^j there is a functorial isomorphism 
tpi o e{xHp^M{§,7i),72) ^ fip! o e(Ti,,//^(jv,),M(S>^2)). 

Proof. Consider the fiber product 



x.oo^^B.P := x,ooBunp X x'^M X a;,ooBunp(jv/). 

Bun A/ BuiiM 

It classifies the data of (IFg, Umi 'Hp, 3"^> '^m)' '^ith (3~Gi -Fjv/, kp) G ^.^ooBunp, 

(?'Af,y^j,/3Af) G x'^M and (J^^, J^, k'^,^) G x.,ooBunp(Af). As in Sect. |4.1.2| , there are 

two projections and from this stack to a;,ooBunp^p that "forget" and 3^m, 
respectively. 

By applying the projection formula, we obtain that for S G Sph^f , 7i G Sh(2^^^ooBunp) 
and 'J2 G Sh(^^ooBunp(A/))i ^P! ° C(x-f^p*j\/(S, 'J'l), 'J'2) can be written as: 

(9) {tp o /i"^)!((p'm o hn*{7i) ^ (q'p o /i^)*(T2) §'), 
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where S' is the pull-back of (SiQ^Bun„)' ® G SIi{^J{m) under 

the map x,ooZb,p x'Km- 

However, the maps ip o and £p o from x,ooZb,p to ^.^ooBun^ coincide. Hence, 
(^) can be rewritten using the projection formula as 

«P!(Pm*(^i) ® hrHq'p o h^r (72) ^ §'))• 
Moreover, it is easy to see that for any sheaf T' on x.ooBun^^p 

T' hrHq'p o h-^n^^) 8') ^ 7' qi,*Ui/^(^),jv/(S,^2)) ® (Q7(^)[1])^-"''"(^"'^"\ 
and therefore, (^) can be identified with 

which is what we had to prove. 

□ 

Observe now that we have the folowing natural isomorphisms of functors: 
tp o e{xHp^a{^,7i),72) xHl^G{^,tpi o e(Ti,T2)), 8 G Sph^ and 

tp o e(Ti,,.F-j(jv,)^^(S',T2)) ~ xHl^T{S',ipi o e(Ti,T2)), 8' G Sphr, 

where ?= either <— or It is easy to see that the above isomorphisms of functors are 
compatible in the following way: 

Lemma 7.2.4. For 8 G Sphj^ and 7i and T2 as above, the composition 



xH^^Gi§,tp, o e{7i,72)) ^ tp, o e{xHp^Gi§,7,),72) ^'''"^^MA 

epi o eUi7p:M(gRes^(S),Ti),T2) o e(Ti,,//^(A,) ,,,(gRes^(8),T2)) 

Theorern^^^^^ O e(Ti , ,F^(A/),T(gReS? (§) ' ^2 )) ^ ..FB;r(gReS^(8), 6p, o 6(71,^2)) 

equals 

This readily implies what we need. Let 7 be an object of Sh(Bunr). Then, as in the 
proof of Theorem |2.3.7 given in Sect. 4.1.8| , by taking Ti = ICg^^, T2 = ICg^^^^^^, 
each of the two isomorphisms of functors of Lemma 7.2.4 produces an isomorphism 
xH^{§,Eis^{7)) ~ Eis^U/7f (gRes^(8),T)): 

For the latter, this will be the isomorphism of Theorem 2.1.5 and for the former, this 
will be the composition: 

xH^{§,Eis^{7)) ~ ,F^(S,Eis^,oEis|^(T)) ~ Eis^^i/l^ (gRes^(8), Eis^(T))) ~ 

Eis^oEisff^/Zf (gRes^(8),T)) ~ Eis^(,//f (gRes^(8), T)). 

Thus, the assertion of Lemma [7.2.4 implies the second part of Theorem 2.3.10. 

7.3. Computation in rank 1. 
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7.3.1. From this moment on we wih be concerned with the proof of Theorem 2.1.8. 
Observe that Theorem 2.3.10 reduces the assertion of Theorem |2.1.^ to the case when 
G is of semi-simple rank 1: 

Indeed, by induction we may suppose that our element w is a simple reflection Sj 
corresponding to i S J, and according to Theorem |2.3.10| it is enough to construct an 
isomorphism Eis,^^' (si • 8) ~ Eis;^^'(S), where Mj is the corresponding sub-minimal Levi, 
i.e. Jmj = 0}- 

Henceforth, G will be a reductive group of semi-simple rank 1. The (only) positive 
root, fundamental weight and the non-trivial Weyl group elements will be denoted by a, 
uj and a, respectively. Note that the Weyl module V" is 2-dimensional and irreducible. 

Recall that the isomorphism Eis(o" • S) Eis(S) (for S € Sh(BunT)^'^^) should 
depend on a specific choice of a lift of a to N{T). The isomorphism that we will 

construct corresponds to the image of (^^i o) ^ SL{2) under the canonical map 

SL{2) G. If we multiply this element on the left by r € T, the corresponding 
isomorphism must be multiplied by ^(r) for S, which is concentrated on Bun^. 

7.3.2. Consider the fiber product Bun^T '■= Bung x Bun-r. We will denote by 

Pg and pt the projections from Bunc^^ to Bunc and Bun-p, respectively. The starting 
point of our discussion is the following observation: 



Proposition 7.3.3. For G as above, the stack Bun^ classifies triples {HcS^t, i^), 
where {3'g,3't) G Butig^t CLud k is an injective (=non-zero) map — > V^^^. In 
particular, Bun^ is smooth. 



Proof. Since uj is the only fundamental weight, Bun^ is a evidently a closed substack in 
the stack classifying triples (9"g, "Jt-, i^) as above. To show that this closed embedding is 
an isomorphism, one has to show that any map k satisfies the Pliicker relations, which 
is evident. 

To show that Bun^ is smooth we argue as follows: consider the algebraic stack Gohi 
which classifies coherent sheaves on X of generic rank 1. It is known (cf. [|l9|) that 
Gohi is smooth. 

We have a natural map Bun^ — > Cohi, which sends a triple {3^Gi'3^t-, as above 
to the quotient "V"^/Im(K;). It is easy to see that this map is smooth, hence Bun^ is 
smooth too. 

□ 



Now, let Bun^ be the stack that classifies triples {Jg-,'3^t, k)-, where (3"g)9"t) ^ 
Bunc^T as before, but k is allowed to be an arbitrary map XL^^ — > V^^. We will denote 

the natural projections from Bun^ to Bunc and Bun^ by p*^ and q^, respectively. 

By construction, Bun^ is an open substack in Bun^, which corresponds to non-zero 
k's. The complement, i.e. the locus k = projects isomorphically onto Bunc^^. 

For S G Sh(BunT), we define its renormalized Eisenstein series as 
Eis^XS) :=p[oq"(S)0(Q^(i)[l]r^ 
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where ? equals g — 1 + {fi, p) over the /i-th connected component of Bun^. 

Note that the map is non-representable, since Buny is a stack and not a scheme. 
Therefore, Eis*^ takes values not in Sh(BunG'), but rather in the corresponding "un- 
bounded on the left" derived category. 

Proposition 7.3.4. For § G Sh(Bun7^)^'^^, there is a canonical isomorphism Eis(S) ~ 
Els'" (8). 

Proof. By construction, we have a natural map Eis(§) Eis^(S), which corresponds 
to the open embedding Bun^ ^ Bun^. Its cone is by definition pQ\ op^(S). How- 
ever ,the latter complex is the same as the pull-back under Bun^ — > BuiiQ/^Q Qj of 
f!(S) O (Q^(^)[l])®- (cf. Sect. ^T^). This implies our assertion. 

□ 

Therefore, in order to construct an isomorphism Eis((T • §) > Eis(S) for an object 
S € Sh(Bunr)^*^^, it suffuces to construct a functorial isomorphism 

(10) Eis^(cj • 8) ^ Eis''(8), V§ G Sh(BunT). 

This will be done in the following general set-up: 

7.3.5. Let y be a stack and let £o and £i be two locally free coherent sheaves on y and 
let / : £o ^ £i be a map between them; we will regard £o — > £i as a length-2 complex 
on let x(S) be its Euler characteristic, i.e. x(£) = rk(£o) — rk(£i). We will denote 

by £* the dual complex, in other words, £* corresponds to the adjoint map £* ^ £q. 

Let denote the following object of Sh(y): we can regard £o and £i as group- 
schemes over y, and let /i'^(£) C £o denote the group-scheme-theoretic kernel of /. 
Then K(- is the !-direct image of Q^;,o(£) on y tensored by {Wii^)[M)^^^^'^ ■ 

Lemma 7.3.6. Under the above circumstances, there is a canonical isomorphism 

Proof. Indeed, [| let us consider the fiber product £o x £J. We have the evaluatuion 
map £o X £? ^ and let us denote by ^ the pull-back of the Artin-Schreier sheaf on 

y 

under this map, tensored by {Qt{\)[l]y^^^°^ ^ {Qe,{\)[l]y^^^'^\ 

To construct the isomorphism egg, it is enough to show that both and i^'g* can 
be canonically identified with the !-direct image of ^ under the projection £o x £? ^ y. 

y 

However, the !-direct image of ^ under the projection £o x £? — > £o is evidently 

y 

isomorphic to (Q^(^)[l])^o^(£^^ and hence is further push-forward onto ^ can be identified 
with K^. The assertion for K^* follows by symmetry. 

□ 

The following properties of the isomorphism egg follow from the construction: 



The construction described below is due to V. Drinfeld. 
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Lemma 7.3.7. (a) The composition eq^* o eq^ : is the identity map. 

(b) Let /' : £g — > E'l he another 2~complex consisting of locally free sheaves and let 

(£o ^ £i) ~^ (£o ^ £'i) ^ quasi-isomorphism. Then there are canonical iso- 
morphisms /i'^(£) — h^{E') and h^{E*) ~ h^{E.'*) and eq^ coincides with eq^i up to 

(_l)rk(£i)-rk(£'i)_ 

7.3.8. We will apply the above discussion to ^ = Buiig^t. First, let us consider the 
2-dimensional vector bundle M over X x BuncTj whose fiber over {'Jqi'^^t) £ Buug^t 
is Hom fiLj.^, Vj.^). Set £ to be the derived direct image of M with respect to the 
projection X x Bunc^r — > Buncj t. 

It is clear that locally on Bunc^j^, we can £ represent by a 2-complex £o — £i of 
vector bundles with a fixed parity of rk(£i): Indeed, let y G X be an arbitrary point 
and let n be a large postive integer. Let Sy^n be an open substack of Bunchy which 
corresponds to those (J'gjS^t) for which Ext"'^(iL^^, V^^(n • y)) = 0. 

Then over a point (9"g)3"t) £ •S'y,™ we set 

£o = 'ilom{L%^,V%^{n ■ y)) and £i = Hom(i:^^^, V^^(n • y)/V%^). 

Thus, we obtained a correctly defined object G Sh(BunG^r). It is easy to see 
that /i^(£) — Bun^ and hence %e is the kernel of the renormalized Eisenstein series 
functor Eis^, i.e. 

Eis'^(5) ~pg!(Pt(S)®3Cs)- 



Consider now the action of the involution a- on Bun^ t- We obtain from Lemma 7.3.6 



and Lemma 7.3.7| (b) that in order to construct the isomorphism of (|lO|), it suffices to 



show that a ■ IKg ~ 3^£*. For that, by Serre's duality, it suffices to show that over 
X X Bunc^T 

a-M~M*®(Ox^0BunG,T)> 

where M* is the dual of M. 

By definition, the fiber of o" • M over (3"^, 3^t) G Buu^t is 

Hom(^^;" ® n^\V%) HomC^-J-, L-f ® V^^^ ® fix). 

However, since dim(V'^) = 2, ~ (^1^)* ® '^'^^i^^) - (^^T ^ ^fr'^- 

Therefore, the above fiber of c-M can be identified with IIom((£<^^)*, {V^^)* ^Vlx), 
which is what we had to show. 

7.3.9. The above construction yields an isomorphism of functors Eis((7 • S) ^ — > Eis(S). 
Our task now is to modify it in such a way that it becomes compatible with the 
isomorphism of Theorem 2.1.5 in the sense of Sect. 2.1.9| for the specified above choice 



of a lifting of a to N{T). 

Remark. There is another way to obtain the functional equation isomorphism, using 
the geometric analog of the Whittaker model (cf. By comparing the two, one 

can show that the isomorphism f.eq' that we constructed corresponds to the element 

{^^ o) ^ ^ where e = ±1, depending on the genus of X. 
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Let US first consider the case of G = GL{2), in wliich case tlie Langlands dual group 
is GL{2) as well. For two integers di,d2, we will denote by {di,d2) the corresponding 
coweight of GL{2). 

Proposition 7.3.10. For 8 S Sh(Bunj,) with fj, = {di,d2), there is a functorial iso- 
morphism F^^'°^(Eis'^(S)) ~ Eis'^(i?^^'°^(S)) eEis'^(F^°'^^(S)), such that: 

(a) For § G Sh(BunT)^'^^, it coincides with the isomorphism of Theorem 2.1.1 . 

(b) The square 



,/7g'°)(Eis'^(a ■ §)) > Els'- (a • g4^'°)(S))) e Eis^(a • ^^"'^^(S))) 

/■eg' 



-f.eq'-e{di,d2)®f.eq'-e{di,d2) 

,/7g'°)(Eis^(S)) > Eis^G/7g'°)(S))eEis^UFi°'^)(S)) 

commutes, where €{di,d2) = ±1. Moreover, e((ii + d,d2 + d) = e{di,d2). 

Proof. Consider the fiber product Z := x^q'^^ x Bun^, where x^g '^^ —>■ Bunc is the 

BuriQ 

map hQ. By definition, this stack classifies quintuples (M, M', XL', k', where M, M' 
are rank 2-bundles, (3 : M' ^ M is an embedding of coherent sheaves such that M/M' 
is a skyscraper sheaf at x, L' is a line bundle and M' is an arbitrary map. 

We have a natural map cj) : Z ^ BurTg, which sends a quintuple (M, M', «;', P) as 
above to (M, £, «;), where XL = XL' and k is the composition 

x: = x:' ^ M' ^ M. 



Let j,_>(i „i)Bun^ C Bun^ we the closed substack of Bun^, which corresponds to 
triples (M, XL,k) such that k : XL — > M(— x). To prove point (a) of the proposition, it is 
enough to show that 

Remark. If we knew that Qe^Q^ is ICg^i- up to cohomological shift and Tate's twist, 
the last asserion would be obvious from the decomposition theorem (cf. below). Since 
the latter fact is not in general true, we have to proceed differently. 

Take y ^ x and let Sy^n C Bunchy be as above. Let / : £o — ^ £i be as above as well, 
and let 5^.^ be the constant sheaf on the 0-section of £i. Consider Z^^ := xlK^'^^ x £o; 

Bunc 

as above, we have a natural map (^Eq '■ -^£o ~' ^o- Let x,>(i,~i)^o C £o be the closed 
substack that classifies triples (XL,M, XL M(n • y)), for which Im(XL) C M(n ■ y — x). 

It is clear that over the open subset £o — x,>(i,-i)^o, the map (/>£(, is an isomorphism 
and over x,>(i,-i)£o this is a fibration with the typical fiber P^. Since £o is smooth, 
from the decomposition theorem we obtain that 

By construction, Qfg^^ — Qe^o /*(<^£i)- Moreover, since x 7^ y, £i does not 
"distinguish" between M and M' and we obatin: 
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Therefore, 

HWtz) ^ WeEo ® /^('^si) ® Q^..>,i,_i)£o(-l)[-2] ® ns^,) ~ 

which is what we had to prove. 

The finishes the proof of point (a) of the proposition. Point (b) is a tedious but 
straightforward verification, which we omit. 

□ 

Now, for our group G let ^ i-^ d{fi) be the map A — ^g/z{G) — ^- Let us choose 
a function e' : Z — > ±1, so that e\d + 1) • e'{d) = e(d, 0), where e is as in the above 

proposition. We set the functional equation isomorphism Eis(fT • S) Eis(S) to be 
f.eq' ■ e'{d{fi)) for S S Sh(Bun^). Let us show that it satifies the required compatibility 
condition with respect to the isomorphism of Theorem 2.1.5| . 



First, let us observe that if Gi —>■ G2 is an embedding of groups whose cokernel is a 
torus, then the statement that we have to check for Gi follows from that for G2- It is 
easy to see that any G with [G, G\ ~ SL{2) can be embedded into a product of GL{2) 
and a torus. This allows to replace our initial G by GL(2). 

For GL{2) every irreducible module V over the Langlands dual group can be embed- 
ded into a tensor power of the tautologiocal representation times a 1-dimensional 
representation. Now, since the isomorphism of Theorem 2.1.5| is compatible with ten- 



suffices to treat the case of the Hecke functor H^^^^y the latter case the assertion 



sor products of G-representaions and is evident for 1-dimensional representations, it 
suffices to treat the case of 1 
follows from Lemma [7.3. IC . 

Appendix 



In this Appendix we will prove Proposition p.2.9| . The proof presented below is a 
variant of an argument that was explained to us by G. Prasad. 

Let G be a connected reductive algebraic group over an algebraically closed field of 
characteristic and let T be a Cartan subgroup of G. Denote by N{T) the normalizer 
of T in G. Suppose that we are given a closed subgroup F C T and and element F £ G 
such that F normalizes F. Let F be the minimal closed subgroup of G which contains 
F and F. 

Theorem A.l. Assume that F is irreducible, i.e. there is no proper parabolic subgroup 
P in G such that T C P. Then 

(a) For every root d : T — > Gm, the restriction of a to T is not identically equal to 1. 

(b) F normalizes T . 

Proposition A. 2. Let Z denote the centralizer of F and let denote the connected 
component of the identity in Z. Then Z^ is commutative. 



Let us show first that the above proposition imples the Theorem A.l. 
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Proof. Assume that (a) does not hold, i.e. that there exists a root a of G such that 
d|r = 1. Let pa '■ SL{2) G denote the corresponding map. Then it is easy to see 
that r commutes with the image of pa- Hence contains Imipa) and therefore it is 
not commutative. 

To prove (b) let us note that T C Z^. Hence, if Z^ is commutative, it follows that 
Z^ = T. On the other hand, F clearly normalizes Z^. Hence F £ N{T). 

□ 

Now let us prove Proposition A. 2. The proof will use the following well-known 
lemma: 

Lemma A. 3. Let H he an algebraic group (over an algebraically closed field of char- 
acteristic zero) and let a he an automorphism of H . Then there exists a a-stable Borel 
subgroup in H . 

Proof, (of Proposition A. 2.) 

Assume that Z^ is not commutative. Let i denote its Lie algebra. We claim that 
there exists a nilpotent element n G 3, n 7^ 0, such that adir(n) = c • n for a scalar c. 

Indeed, adp defines an automorphism of (it is obvious that Z and hence also 
Z^ is normalized by F). Therefore, the above lemma shows that there exists a Borel 
subgroup B^o C Z^ , which is normalized by F. Let b^o be its Lie algebra and let 
n^o C b^o be the nilpotent radical of this Lie algebra. Then n^o is also normalized by 
F. We choose n G n^o to be an eigenvector of adi?. 

Thus, let n G 3 be as above. It is well-known that to every nilpotent element n in g 
one can canonically associate a parabolic subgroup Pn in G. The subgroup Pn can be 
uniquely characterized in the following way: 

Let pn C g be the Lie algebra of Pn. Fix a homomorphism p : sl(2) — > g in such a 

way that p\r. n ) ~ = © 0i be the weight decomposition of g with respect 

to the adjoint action of p(sl(2)). Then pn = Qi. 

i>0 

On the one hand, the fact that n 7^ implies that Pn 7^ G. On the other hand, since 
n is an eigenvector of T and the assignment n 1— > P„ is canonical, the group Pn is also 
normalized by F. But as Pn is a parabolic subgroup in G, it follows that F C Pn, which 
is a contradiction. 

□ 
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